Token routing inside MoEs
Hugging Face
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https://cameronrwolfe.substack.com/p/nano-moe

Problem Statement: a toy problem

e 4 Tokens
e 4 Experts
e 2 Slots per Expert

Which token routes to
which expert and in what
slot?

TOKENS
do d1 d2
T0 -0.5 | 0.3 0.5
T1 -0.3 | -0.8 | -0.1
T2 -04 | 0.3 | -0.8
T3 -0.5 | -05 | 0.2

S1

EXPERTS
SO
EO
E1
E2
E3




Our Job: To figure out how the router works €.

4 Tokens (T)

4 Experts (E)

2 Slots per Expert (S)
Routing Algorithm

TOKENS
do di d2
TO -0.5 | 0.3 0.5
T1 -0.3 | -0.8 | -0.1
T2 -04 | 0.3 | -0.8
T3 -05 | -05 | 0.2

EXPERTS

EO
E1
ROUTER >—>
E2

E3

SO

S1

W1.T1

W2.7T0

WO0.T2

WO.T1

W here represents the
weights with which the tokens
are routed to an expert.



Token Weights



Compute Router Logits

TOKENS
do d1 d2
TO -0.5 | 03 0.5
T1 -0.3 | -0.8 | -0.1
ROUTER LOGITS
T2 -04 | 03 | -0.8 EO E1 E2 E3
T3 -05 | -05 | 0.2 TO 0.1 0.9 0.1 0.6
@—> T 0.8 0.3 0.5 0.0
ROUTER WEIGHTS
T2 0.2 0.5 0.0 0.8
05 | -05 | -05 | -05 T3 0.3 0.7 ‘ 0.3 0.6
-05 | -05 | -05 | -05
-05 | -05 | -05 | -05
-05 | -05 | -05 | -05




Top-K Expert Section per Token

ROUTER LOGITS

TOP-K ROUTER LOGITS

T0

T1

T2

T3

EO E1 E2 ES3
0.1 0.9 0.1 0.6
0.8 0.3 0.5 0.0
0.2 0.5 0.0 0.8
0.3 0.7 0.3 0.6

——TOP-K——|

T0

T1

T2

T3

EO E1 E2 E3
0.9 0.6
0.8 0.5
0.5 0.8
0.7 0.6




TOP-K Selection

ROUTER LOGITS

TO

T

T2

T3

EO E1 E2 E3
0.1 0.9 0.1 0.6
0.8 0.3 0.5 0.0
0.2 0.5 0.0 0.8
0.3 0.7 0.3 0.6

TOP-K ROUTER LOGITS

——TOP-K——|

TO

T

T2

T3

EO E1 E2 E3
0.9 0.6
0.8 0.5
0.5 0.8
0.7 0.6

TOP-2 CHOSEN
LOGITS EXPERTS
0.9 0.6 E1 E3
0.8 0.5 EO E2
0.8 0.5 E3 E1
0.7 0.6 E1 E3




Normalize logits

TOP-K ROUTER LOGITS SCATTERED with

_INF NORMALIZED TOKEN WEIGHTS
EO E1 E2 E3 EO E1 E2 E3
TO -inf 0.9 -inf 0.6 TO 0.0 0.5 0.0 04
T1 0.8 -inf 0.5 -inf T1 0.5 0.0 0.4 0.0
—SOFTMAX———

T2 -inf 0.5 -inf 0.8 T2 0.0 0.4 0.0 0.5
For the sake of simplicity we
ha_ve dropped some decimal

T3 | -inf | 0.7 -inf | 0.6 T3 00 05 00 04 D o ot
don’t add up to 1. You can
follow the code for the correct
numbers.




Slot Selection



Prioritise the selection

Chosen EO E1 E2 E3
Experts
0 1 0 0 Priority 1
El E3 TO
0 0 0 1 Priority 2
1 0 0 0 Priority 1
EO E2 T1
0 0 1 0 Priority 2
ONE HOT PERMUTE——|
0 0 0 1 Priority 1
E3 = T2
0 1 0 0 Priority 2
0 1 0 0 Priority 1
E1 E3 T3
0 0 0 1 Priority 2

PRIORITIZED SELECTIONS
EO E1 E2 E3
TO 0 1 0 0 Priority 1
T 1 0 0 0 Priority 1
T2 0 0 0 1 Priority 1
T3 0 1] 0 0 Priority 1
TO 0 0 0 1 Priority 2
T 0 0 1 0 Priority 2
T2 0 1 0 0 Priority 2
T3 0 0 0 1 Priority 2




How many tokens have selected each expert so far?

PRIORITIZED SELECTIONS

EO BT E2 ES E0O E1 E2 E3

TO 0
T 1

T2 1 1

TO 0 1 0 0 Priority 1
riortty Priority 1

T1 1 0 0 0 Priority 1
orty Priority 1

T2 0 0 0 1 Priority 1

Priority 1

T3 0 1 0 0 Priority 1

CUMULATIVE T3 1 2
| SUMMATION —»
ACROSS EXPERT To 1 >

Priority 1

0
0
[+ ]
1
Priority 2
2
2

TO 0 0 0 1 Priority 2

0
0
0
0
0
T1 0 0 1 0 Priority 2 T 1 5
1
1

Priority 2

T2 0 1 0 0 Priority 2
riority T2 :

T3 0 0 0 1 Priority 2

Priority 2

T3 1 3

Priority 2




Select Slots

EO E1 E2 E3 EO E1 E2 E3
TO 0 0 0 | Priority 1 TO = [0] -1 -1 Priority 1
T 1 0 0  Priority 1 T [ 0] 0 | -1 Priority 1
T2 1 1 0 Priority 1 T2 0 0 -1 [ 0] Priority 1
T3 1 0 1 Priority 1 " T 0 [1] -1 0 Priority 1
TO 1 2 0 Priority 2 T o 0 1 | Priority 2
T1 1 2 [1] 2 Priority 2 T1 0 1 [0] 1 Priority 2
T2 1 1 2 |Priority 2 T2 0 0 1 | Priority 2
T3 1 3 1 Priority 2 T3 0 2 0 Priority 2




Read Selected Slots

T0
T
T2
T3
TO
T
T2
T3

EO E1 E2 E3 EO E1 E2 E3
0 0 0 Priority 1 TO 1 @ =] il Priority 1
1 0 |Priority 1 T [o] 0 -1 -1 Priority 1
1 1 0 ‘ Priority 1 T2 0 0 =i [o] ‘Priority 1
1 0 1 Priority 1 T3 0 -1 0 Priority 1
A
1 2 0 Priority 2 T0 0 1 -1 [1] Priority 2
1 2 [1] 2 Priority 2 T 0 1 [o] 1 Priority 2
1 1 ‘ 2 |Priority 2 T2 0 0 1 ‘Priority 2
1 3 1 Priority 2 T3 0 2 0 Priority 2

Position 0 Position1 Position 2

EO
E1
E2
E3

Token 1 — —
Token O Token 3 Token 2
Token 1 = —
Token 2 Token O Token 3



Problem with Slot Selection %



Place the tokens on respective slots

EXPERTS

SO St
EO | T1
E1 | TO | T3
E2 | T1
E3 | T2 | TO

Position 0 Position1 Position 2
EO Token1 — —_
E1 TokenO Token 3 Token 2
E2 Token1 — —_
E3 Token?2 Token O Token 3




Valid assignment mask

SLOT POSITIONS TOKEN DROP MASK
EO E1 E2 E3 EO E1 E2 E3
TO -1 0 -1 ‘ -1 ‘Priority 1 TO i T ‘ T ‘ -1 Priority 1
T1 0 0 = -1 Priority 1 T1 T T T T Priority 1
T2 0 0 -1 0 Priority 1 T2 T T T T Priority 1
T3 0 1 -1 0 Priority 1 T3 T T T T Priority 1
—LESS than Capacity—>
T0 0 1 = 1 Priority 2 T0 T T T T Priority 2
T1 0 1 0 1 Priority 2 T T T T T Priority 2
T2 0 2 0 1 Priority 2 T2 T F T T Priority 2
T3 0 2 0 2 Priority 2 T3 T F T F Priority 2




Drop tokens

TOKEN DROP MASK

EO E1 E2 E3
TO T T T -1 Priority 1
T T T T T Priority 1
T2 T T T b Priority 1
T3 T T T T Priority 1
TO T it i T Priority 2 . . .
B e . . Priomzz UPDATED PRIORITIZED SELECTIONS Position O Position1 Position 2
T2 T F T T Priority 2 EO E1 E2 E3
T3 T F T F  Priority 2 . E 0 TO ke n 1 — —
TO 0 1 0 0 Priority 1
T 1 0 0 0 Priority 1
GD_ e O 0 ferony E1 TokenO Token 3 Teken2
PRIORITIZED SELECTIONS T L A
T0 0 0 0 1 Priority 2 E 2 To ke n 1 — —
EO E1 E2 E3 T1 0 0 1 0 Priority 2
TO 0 1 0 0 Priority 1 T 0 IIl ¢ 0 Frorty 2 E 3 TO ke n 2 TO ke n O :Fe'ke'H%
T 1 0 0 0 Priority 1 I 0 0 ° III Priority 2
T2 0 0 0 1 Priority 1
T3 0 il 0 0 Priority 1
TO 0 0 0 il Priority 2
T 0 0 1 0 Priority 2
T2 0 1 0 | 0 Priority 2
T3 0 0 0 1 Priority 2




Update normalized token weights

UPDATED PRIORITIZED SELECTIONS

EO E1 E2 E3

TO 0 1 0 0 Priority 1
™ 1 0 0 0 Priority 1
T2 0 0 (] 1 Priority 1
T3 0 il 0 0 Priority 1
UPDATED NORMALIZED TOKEN WEIGHTS
TO 0 0 0 1 Priority 2
T1 0 0 1 0 Priority 2 EO E1 E2 E3
T2 0 0 0 0 Priority 2
TO 0 0.5 0 0 Priority 1
T3 0 0 0 0 Priority 2
T 0.5 0 0 0 Priority 1
<X>— T2 0 0 0 ‘ 0.5 ‘Priority 1
T3 0 0.5 0 0 Priority 1
NORMALIZED TOKEN WEIGHTS
TO 0 0 0 0.4  Priority 2
EO E1 E2 E3 T 0 0 0.4 0  Priority 2
T2 0 0 0 ‘ 0 ‘ Priority 2
TO 0.0 0.5 0.0 0.4 T3 0 0 0 0 Priority 2
T1 0.5 0.0 0.4 0.0

T2 0.0 0.4 0.0 0.5

T3 0.0 0.5 0.0 0.4




Update the Slot Selection



Extract Token Slots: Slot positions & Updated selections

UPDATED PRIORITIZED SELECTIONS

EO E1 E2 E3
TO 0 1 0 0 Priority 1
T 1 0 0 0 Priority 1
T2 ‘ 0 ‘ 0 0 1 Priority 1
T3 0 1 0 0 Priority 1
To 0 0 0 1 Priority 2 UPDATED SLOT SELECTIONS
Ll 0 0 1 0 Priority 2 EO E1 E2 E3
T2 ‘ 0 ‘ 0 0 0 Priority 2
T3 0 0 0 0 |Priority 2 1o ® @ ® S Friority 1
T 0 0 0 0 Priority 1
/ T2 0 0 0 0 |Priority 1
kx)— K] 0 1 0 0 |Priority 1
SLOT POSITIONS TO 0 0 0 1 Priority 2
T 0 0 0 0 Priority 2
EO E1 E2 E3 T2 0 0 0 0 |Priority 2
To - ) - 4 |Priority 1 T3 o o ° 0 |Pricrity2
m 0 0 -1 -1 Priority 1
T2 0 0 ‘ -1 ‘ 0 Priority 1
T3 0 1 =i 0 Priority 1
TO 0 1 -1 1 Priority 2
m 0 1 0 1 Priority 2
T2 0 2 ‘ 0 ‘ 1 Priority 2
T3 0 2 0 2 Priority 2




Extracted Token Slots

UPDATED SLOT SELECTIONS

EO E1 E2 E3
TO 0 0 0 0 Priority 1 TO 0
T 0 0 0 0 Priority 1 T 0 L L
Priority 1 Priority 1 Priority 2 EXTRACTED SLOT POSITIONS
T2 0 0 0 0 lPriority 1 T2 0 To 0 1
| TO T T2 T3
T3 0 1 0 0 Priority 1 T3 1
g I i 2 0 Priority 1, 0 0 0 1
TO 0 0 0 il Priority 2 T0 1
/ T2 . & Priority 2 1 0 0 0
™ 0 0 0 0 Priority 2 T 0 T3 1 0
T2 0 0 0 0 |Priority 2 T2 o |Priority2
T3 0 0 0 0 Priority 2 T3 0
Token 1st Choice Queue Position 2nd Choice Queue Position
Token O 0 1
Token 1 0 0
Token 2 0 O (dropped)
Token 3 1 O (dropped)




Weight the token slots



What do we have till now?

UPDATED PRIORITIZED SELECTIONS

UPDATED NORMALIZED TOKEN WEIGHTS

TO
T
T2
T3
TO
T
T2
T3

EO E1 E2 E3
0 1 0 0 Priority 1
1 0 0 0 Priority 1
0 0 0 1 ‘Priority 1
0 1 0 0 Priority 1
0 0 0 1 Priority 2
0 0 1 0 Priority 2
0 0 0 0 ‘ Priority 2
0 0 0 0 Priority 2

Expert to Token mapping

TO
T
T2
T3
TO
T
T2

T3

EO E1 E2 E3
0 0.5 0 0
0.5 0 0 0
0 0 0 0.5
0 0.5 0 0
0 0 0 0.4
0 0 0.4 0
0 0 0 0
0 0 0 0

Priority 1
Priority 1
Priority 1
Priority 1
Priority 2
Priority 2
Priority 2

Priority 2

EXTRACTED SLOT POSITIONS

TO T1 T2 T3
Priority 1 0 0 0 1
Priority 2 1 0 0 0

Expert to Token weights

Token slots based on Priority




What do we need to know?

EXPERTS
SO St
Where within each expert's capacity each token sits.
EO | ? ?
El ? ?
E2 ? ?
E3 ? ?




One hot slot positions

SLOT ONE HOT

Slot0  Slot 1

TO 1 0 Priority 1

EXTRACTED SLOT POSITIONS T 1 0 Priority 1
TO T1 T2 T3 T2 1 0 Priority 1

Priority 1 0 0 0 1 o T3 0 1 Priority 1
Priority 2| 1 0 0 0 TO 0 1 Priority 2
T1 1 0 Priority 2

T2 1 0 Priority 2

T3 1 0 Priority 2




What do we have till now?

UPDATED PRIORITIZED SELECTIONS

UPDATED NORMALIZED TOKEN WEIGHTS

To
m
T2
T3
To
T
T2
T3

EO

o|lo|o|lo|ofe|-|0o

E1

1
0
0
1
[
0
0
[

E2

o|lo|~ ololo|o o

E3

0
0
1
o
1
0
0
[

Priority 1

Priority 1

Priority 1
Priority 1

Priority 2

Priority 2

Priority 2
Priority 2

Expert to Token mapping

EO E1 E2 E3

To 0 05 0 0 Priority 1
T 05 0 [ [ Priority 1
T2 0 0 0 0.5 |Priority 1
T3 0 0.5 [ 0 Priority 1
To 0 0 0 0.4 Priority 2
T 0 0 04 0 Priority 2
T2 0 ‘ 0 0 0 Priority 2
T3 0 0 0 0 Priority 2

EXTRACTED SLOT POSITIONS

SLOT ONE HOT

TO T1 T2 T3
Priority 1 0 0 0 1
Priority 2 1 0 0 0

Expert to Token weights

Token slots based on Priority

TO
T1
T2
T3
TO
T1
T2

T3

Slot0  Slot 1
1 0
1 0
1 0
0 1
0 1
1 0
1 0
1 0

Priority 1
Priority 1
Priority 1
Priority 1
Priority 2
Priority 2
Priority 2

Priority 2

Token to Slot mapping

(based on priority)




Token weights in each slot position

UPDATED NORMALIZED TOKEN WEIGHTS

EO E1 E2 E3
TO (4] 0.5 0 0 Priority 1
™ 0.5 0 (4] 0 Priority 1
T2 0 0 0 0.5 Priority 1
T3 0 0.5 0 0 Priority 1
TO 0 0 0 0.4 |Priority 2
T (¢} 0 0.4 0 Priority 2
T2 0 0 ‘ 0 0 |Priority 2
T3 0 0 0 0 | Priority 2
SLOT ONE HOT
Slot 0 Slot 1

T0 1 0 Priority 1

T1 1 0 Priority 1

T2 1 ‘ 0 Priority 1

T3 0 1 Priority 1

T0 0 1 Priority 2

T1 1 0 Priority 2

T2 ‘ 1 l 0 Priority 2

T3 1 0 Priority 2

PRIORITY 1 PRIORITY 2
Slot0  Slot1 Slot0  Slot1
EO 0 0 EO 0 0
E1 0.5 0 E1 0 0
E2 0 0 E2 0 0
E3 0 0 E3 0 0.4
Slot 0 Slot 1 Slot 0 Slot 1
EO 05 0 EO 0 0
E1 0 0 E1 0 0
E2 0 0 E2 0.4 0
E3 0 0 E3 0 0.0
Slot0  Slot1 Slot0  Slot1
EO 0 0 EO 0 0
E1 0 0 E1 0 0
E2 (] 0 E2 0 0
E3 0.5 0 E3 0 0
Slot 0 Slot 1 Slot 0 Slot 1
EO 0 0 EO 0 0
E1 0 0.5 E1 0 0
E2 0 0 E2 0 0
E3 0 0 E3 0 0

SUMMATION
ACROSS PRIRITIES

Slot 0 Slot 1
EO 0 0
E1 0.5 0
E2 0 0
E3 0 0.4
EO 0.5 0
E1 0 0
E2 0.4 0
E3 0 0
EQ 0 0
E1 0 0
E2 0 0
E3 0.5 0
EO 0 0
E1 0 05
E2 0 0
E3 0 0




Token weights in each slot position

EO
E1
E2
E3
EO
E1
E2
E3
EO
E1
E2
E3
EO
E1
E2

E3

Slot 0 Slot 1

0

0

0

©
'S

©o|lo|lo|lo|o|o|o|o | o

o
&)

o

o

Slot O Slot 1
EO 0.5xToken1
E1l 0O.5xTokenO 0.5xToken3

E2
E3

0.4 x Token 1
0.5xToken2 0.4 x TokenO



Bring it home!



Place tokens in each Expert’s Slot

EO
E1
E2
E3
EO
E1
E2
E3
EO0
E1
E2
E3
EO
E1
E2
E3

Slot 1
0
0
0
0.4

[ PERMUTE >

EXPERT O
To T T2 T3
Slot 0 0 0.5 0 0
Slot 1 0 0 0 0
EXPERT 1
To T T2 T3
Sloto | 05 0 0 0
Slot 1 0 0 0 0.5
EXPERT 2
To T T2 T3
Slot 0 0 0.4 0 0
Slot 1 0 0 0 0
EXPERT 3
To T T2 T3
Slot0 0 0 0.5 0
Slot 1 04 0 0 0
TOKENS
do d1 d2
TO | -05 | 03 | 05
™ -03 | -0.8 | -01
T2 | -04 | 03 | -0.8
T3 | -05 | -05 | 02

EXPERTS
SO S1

EO0 |05T1

E1 |05T0|0.5T3
(@ )—
\/

E2 (04Tt

E3 |0.5T2(0.4T0




