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i, BIARRULE

T @ERAREAS T E G RIE— A F, R R4 T4,
BELEHM P65, ROLEHET Z R, (24 AR,
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F1i8 WMERITLINEN 019

KT AE A AL 125/1 296, #RikAHXAFME 42246,

2%, RBHRHEL, IRRATFH, BAEXIHHFELT, F
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#Heh, Bit, AFATARMAHBKETLE, BAPRER



F1iR BMEEULUNER
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Wi, BAVBEERE AR BFE &, F_ARE—LAK,
M, FLHaE, wREMNFHEE M, RS BAAPTROZER,
e RFH—ANREFE, AL WARE, AFFHRA—RATR,
AT it ag 45 R, wiFs 6k, wRE—AREHT, 14
{6 4 sk 21 1 1, #fiF|24e T, Bk, ELTEFE
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N#AETLER, REBMNFFIRTHET, MS6ETFEAI2K,
TR 24H, BNFHZE, 124, 1240 EZAT69324k, KA
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PO B — MBI R . HeE, DA R ST 1R AR
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NG R G IR A7 A T PR R R R R A R AR
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UG I FH I SRR | X 4 IR TSR A S kAT 1TSS S
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o [EIRELIE, X LERIFTEREE AN 2B B L O B2y TN 2

v E A X e B T BT SR AR S RE T A AL,
PUMELERFA — AR RE, FROTRSF SR H ARSI

IERATE — T HORE T M B2 5B, S T R, T
— A ERPIEE Yy (R M— DB EE o (F/8). 4
AT, WRvAo R, AB2MET & BRI LR % T 5 R S
e S ] BRI E B o AR rp A T A A s (B G P 14 BT

BA Y B AR S T X AP A — A B R -4 XA R
RV ERR (N, 8me B Ry ), (H8EERSe. K
I, PR AEE TR T R R, LA . [, v ok
HR B BEAR R, (H i TR E B BEEARSE, L n] B — K B 45
FIESEM. P, QSR 46 R A ) B8 T 0 T 0 P 2k AR b ) X3, &
AT RERHE .
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Ja =,

ST A R R AL A AL, B R BRE TR — AR e
MR, b, M mAEREE R, R
#h. Ww3C CIAE T 0B 252 ) ( Dynamical Bias in the Coin Toss ) " 1Ei%
SE KA BN AR AE 52 o SR BRI LAt B, AR T iz Bl )y Sk
117 2 mAEA . ST ES AR, KO B 5E A T2 A U
2, FRERETE E AR —mAEE FIE RS ERHERRAIE0.51,

DT AR T RATT 2 a3 R WE? ARAERL A AT LR 5 3 o) uAS AU 3 5
0L, BAREEM H 0.50 F10.51 Z A 2257 (W2 Ud, EORHH 21/ NS
JEWDL ), FATTH B AR AT K2 25 0 IR, T 1A AR HERL
TR ) LAt — S S ][RR A 8 (BB 114 5 B T AR T O S ABL, Tne
TG ANPEREI S 5 —Fh il

S T B A LA T3 R T IR S A3 BT T AR 2 LR FRATT B A S ke B2 A 1) Sy
WA, T WA e R AAS R BAE, X BB T W iR A T3 b
o ER LRI TR R U, e A SN e A% Ak
HHEE] T X WA

HR, AR R F E S T A AT R AR
HAHIAL, RERTRTHEREE, AL, XLRBGOHTI K
A WA AANREN? T AR ZMAF A (de, ABIER KM,
RE RN EREKM) BB HFRRAR? e LAE L IRk il
Ak ARR? B4, ETATRHTEAFRLEGORFBENE
e, SFaEABmERMBE—MNA (LE—F) BRI R?

XK FH, HWT AL R IA KGR R A AR T 254,
MR T AR AR T ANH SRk TREGHSEGHRF, #



F18 BEELUNER 025

A BRI — LA R AR R? X AR EMOGELT, HEH
ERTHREA B — T AR RA R, X LR HETR@T L
B H XASF —R, RAKRFRNGHAS H, B, KB AKX
Fr XA ARG, EhmPHRLARIEZHE,

AR A At ) RS AT A1 X SE ) R, e 4 F ORI JLAE TR,
FA PR 2 SR AR U IEA, FFhE SN T RERIA SR

A A ZBENITE, EXMER T, RAINZBET T i
FHOWE? TR A H e ( S AR ) B8R T — M AR THE, f]
FAVE AT b 2 B ) bt dn 2R 23 A b b B0 A4 H A (1
B, KEBAESEEEF, (HA S I LA R0 it B85 UR AT,
MRANTE R, B, ATEXATR kS, gk
— A AEN,

FAPKRE—TF “FR" W8, i, ARHOEXTFRER T —Ft
Ho T, BHETRIMIERE “BEPLAY”, BDRTARMT 2 AR, 15015
GOFPI AT REMESE 2AHAE, BARA NN, B ABESE — RAREHI TR,
B2, FHPASEALA AW TRV E LG o] 6] — L& R 2 2/

XA 60 2K i A= H [R) R, T S5 ) (v Ak H n) B 3654~ 2 51
MG, HIEEEE C (FETFRFE T, C=60, MifEALH BT,
C=365). —3LH/NIAN, MBIy, FHSRHLE {1, 2,3, -, C}
o, XEEHCF S AR R E 207 YR, XBURT CRINME; W
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BN=C+1, ¥EIHZEO,
AT AR IUAE P(C, N), AR HiT 1 #5347,

P, M=1x(1- L) x(1-2) xom 1 - 221

EAARF A T, 76 CRINRIMHEZIG, A1 nT UM 5 8
G Tk

(L5 0o 3 AT T BR A BT 18 A 2 KRS B . KT ELUS R, 3
0T LAGE i — o 20 3 LA R B. BFFEERB, 4N = 12JC B,
PRI 12, MFRMENS, 1.2V60=93, FiA, —HLEELH 10
A NBEZARR] . EAEEHE L, PR MR A, (R H
BRI, 1.24365=22.9.)

AT AR T SR R R AT A

R AN AR CHITRERE, BNFICHA, MIRICREE Y

P(C, N)~ e MV-1n2c

MEBR: FEUEMHE R, FRATHE Z XA — T E e, B Y
RN, log(l —x) ~—x. HB4

| 2 N-1
LN =[1-= e PR (1__]
HEee i) ( c) x( C) Sl c
= OB(I-1/C)H1og(1-2/C) + -+ + log[1-(N-1)/C]

~1/C-2/C --- AN-1)IC
- ~(N-1)

~N(N-1)12C
= g NN
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BNFCHKREE, NPICAEH /N, TR AT UE RSB

FEA A Z — /K PG - B JE W7 (Persi Diaconis ) #1495 & 18 B
7 - SRS ( Frederick Mosteller ) *fyIX5-& ML WFsc 4, A= H [al & A
BEZ, il HxEfk, REZHELEGNER. i, 24 =1
AR AR BERGE T 172, NRIZEEK? (BRRE: 811N )

A NREF AT AR S RO, BRAHEG T, R4 —F
TR B A E Y, HER KBS H], R ] H Ot B = h A H I
FoBL%, Wi HAFFRE R fE. R, A MEH e R &
RETEOARE. AT ANEEESE B Y REBFEZRTHE, rLHE
A B4 HICRCB R T Rt & . Rk, AT A
R B AR A RS, FRRAE R ERIZEe .. X8R
i T AT TR B A A TR SRR AR R, T P 2 T AN DL SRR JE A
B - ZEMHT ( Susan Holmes ) 2002 4F & &ML,






3% T I B L R =2







AT 2 HIRE GRS A R TR ABALR . FIWTR A
PATMBERS, il BATAR A E R IWTs 2R . O F SORE S URR ZA KA i
DI 30 ) e 1 EIRTHE R 2 MU PRI Rk, FRATTRARYE PR 0 A
Wi, AT, XFRETEOL A A BT REMEAR S . 7EX —IRb, FRATH
BT 2] RE AT B0 A BT v B 2 0 B BE L R mT AT BE Y . AEHTAS
IR AR AT R S B E R, BATRR A, BA O b
RV LA R 2R T AN W 7 05 T S SR A A BB AR Rh 7 454

HA T il N —FE SR fatU R TR, RAEMGIT R
AT LAFTE TR ATREYE, DARBUE A TRR AT REYEYE? dnfapfiti & 30
fieit AEE2E PR BER AT RENE, KA JGRRBIATRERE, DLRER R R
HOGTT A G R BT REVER? FE BB b, RATATTRRELA FRs T
W AR, BT A RERE OLR RO ORI R R . (B, RS
JERAAS MBI BAE, B, BOAMER A5 OU SRR AR5 i
B AR, o SR AR AR Y T A T R ) e I AR A L Y
BEE, HOFAEWRE EMENS.

PR, FRATRE S MR THE MR AT, B Rh, 3l
TEARZAEOL T BR T W — LIS JCEHE . B 14 ( prediction market )
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SRR — A R B, o, A 2B Rs, URAT LAZE b
REE R R A A B A, GARE B Y R R TR . TR D ek
MK, B AR A8 &, BAE 16 O sifrfe & 2 e
BT T CERAR NI L A AE N R 0~100 £, AE{TEHE
PRAR AT LA 2K AFISE R, ELAnsKAS6.8 84, 2 57.284, WR
WAL A —13E 2, AT LASZRPLLS7.2 S0 A, siEiRI57.0 4
FIEAMY, RIS R MEIER . WRIRELS57.0 58 (BPS57 3
JC ) AR SEA — O3 A b L - AR TE R 26 [ B SR ER B 2, X
B EEm), WX 605 AWK 100 £Triids. MR, &
Amhss s R iksh.

ECYETR T A AR A T AR, X2 AR MAMF. MR CHE
ERERIE0.57, XA BB 57 K0T, R, R CkAE,
Mgz A 100K 70; Rz, Wik 03T, MRS SEEMITTRZ
RAMEE, BARNBOZWEA AMENFERIGERES . RATAR, K
aRfr CASRMAEAR T x, KL BEMA, RIS Ty, RS
) R IZAT LLAER S e AR IR

KA T 1 i 945 B VORI TR 5 7 S A B e AT TR A g SK
SR i dR AN ORISR UIAH G TG B, T 151 H A sk 8 Ji 00 ] i X 3R AT
M LT S AT TS

FA ARG E XN B BB, or B8 —Fh a7 B0 i
M—F A BER IR REBEARRE , X4 i i X S [l i
FAVCE BB EEM MR, A TXA e kft, FATstnTLhE S
BLER T 24 9 5 A8 5 R i HE % (judgmental probability ), - # Wi ix 26 H
A FOCHE R FI TR BOCE S5 . 35 3B & 7 T X MR AT, 47T
HH AT Rk, “HERRIRUTAR R T LAY AR
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e T, XEMCHESBERBERN XA 2w - Fiil T 204
Z20FRH A, 20140 SO4EM, EESGIARBNEE - K - BR4EAT
( Leonard Jimmie Savage ) i HA5#| 7 &mk . *

FEI BEFIWTHE RIS, FRATIG S B A0k, 0 el B FH A+ 5 9%
DRIk W, AR AR, miA R R
R, BRITAEZIEE N NEEERAHM LT rME,
HAG SR TR . AREH BT BE R A3 0, SR SR
BH.

FARSKA -

W RBEELERAARGKE AL, RZH0, AHBLERAZW
R R,

ASRAR i Sy ST AR T P(A), X AT — IR 225
WS IR T P(4), RSB EEA; WRMEE T PA), REEAE
BEA Wik, ARSEREGUHS BT, 0T LIS 00T A B A o

AR EAR AR IR, RO B PR BB AT AT LA AN 9% 0 HLE B 3
Xrixse BRSO, (B2, TATEMIRS IR, T 858 i 2 TAF
Al i FURIE RME TR RS LA PR AR AEE 27 X4 W)
BA WIS . Tk, AT & AL BEE .
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ARt FI b

— i, FINTHER R BAE TS B R R S e . R
R, AR NBHREAT MR A OCHT, IR A9 AR 4 B A 4
RECFEH . XA SRAE S, ©

FeA Tt i FRABAL AR B RS UE X AL, XV H A9 R
2PE kR, HRATES RLAELE e BT ABREEZLA
(EREA A S ) ARRER ST IR B R, Xl —
ANAFRIEE; IR R ER B, MR- DAFME; R
AR E R AE, AR DAFIMME. REAAK LR, fifE
KEAE, —BRARFRARBMEE, —h LA PSRBT,
FERXFEOL T, WS TR S IR XA G B, Waify ol g
A 228 ( Dutch book ) HIRERE, MR UL, TIETEMPMIEI T, h#s
SR . AT, WA 2 WX i ZE DT, b e LA A
Ko

tetn, B pR I FH gh Ak B S G INEE R A R 2B
2, REEH06. RIF, IRMIFRMLL - 7 Z YRR, FKE
BL0.1. R, RIRIFR AR B e E AT S e r R, FEIE R
0.9, WRLERFHO AL, XEHBHBRUARAHEIE. IRaT LR
FIfar 2 G ARG, AT X LI SK IR AR B AR ERE R 1 0.6, Wigi h 1 Y
WETE, TSR MBI 0.1, W aE o 1 BTE, BSERIRIBIRE
RBCH AP IS TER AR R 0.9, Wi 1 T . XK, i

@ gtHEm S, RIS R P BT LU SRR ME, HEATAE 3
EEFRA BB
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ZOfERRME, PRERATLATS 21 0.2 AU AR

W%Wbﬂﬁﬁ,%mﬁ%ﬂ%XEﬁm%ﬁ,ﬁ$%%%m%$
Fl, AR 2 FAR T fE 2 HOR 5 EF X LE R0 AT . BAT 1R 2t
RAAHRKFIRAAW . ARLX IR E, (BUREEAR R, XLH)
Wi E W EE, NRE AR 2 M0mA 6. BIERIRRE— X
e, Wy EdbA A sh e, MRRERE A S HIEA
FATAAE, MEE AN % B BB — g7

MARA Eiid, ZHRAMHE, SRR G —2, 28 bR
TR B AR RO S —LERTE T R, B
HVHER B, B SA AW AR AR BAREXT ), {HREd— &
SUMERR, T BRI N — S HERRAR B A R, A HInT fE R BB AN JE A
HIRER” B, FReFRBH 1R, BSUEE.”

ABEVERIBTRAE G, 4R, XEEAWRESLAN, WA AW
. Bm—BE—F, HCHERIP R —MERRN S RIRTE,

B VRIAT, HRPERIIIRNTA IR R A BRI B E 454

EXMEFIET R

R ATVE— AR B H A R B E, A T
IIRIE B RS, ENRESEFOLME, f/MEN, HEFER
(tautology ) &4 HeAfir B 7E B A HEFR 2 A vh & B, L 1.t
HMSEEER S (BT JE R ) M S, B R & L
(HZ A, MR8 F A 20% ML M 35% I &, ABAH 55% K
FRAGEAAGK., RIS ESES, A TXMESZ A, AT
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VLKL ) B S5 S A PR 325 1a) 17

XM ERERR

L BUMEAE, RERG T — 1 ip, KRN T 0. HB4, R
K ISR p RAEERR 1, RZBAK” XA RR R

TEXRPEOL T, RICI AT ER 2 8 32 itk . R p A &4, IR
MR A ARBUE R, ABRBEREDET .. WRp AT, Kiie
WA EMS, BEE TAE, A T .

2. EEAMMAER L BERRIAHE T (IS T, ©a
RHGE) MRARL, mRATFS/ATL MREEHMELTL, B
2%t W p RAEMMRE R 1, RZBENFT" T, URAF AR Sk
Mt 1o M AMEER, VRERER L, RIACK S22 . SRR i
FE AR T, RIS LMET LA 8 i p %4 Wi gs 4

, RZWEE R0 WM., SRR, LRSS, i
R R

3. AHE ST R Ay B ER AT LIAR AN . BUAE B IEAE R M ] e, Rk p
HqMEMr CEMMERESFEAMPIE ). HIFEE, “WRpkqk
A 1, Rz Wss 07 B ERSCRT LAE o 1 45 A ] 422 9 b S
W, EEAREMEp sy, M 22 R p Mg,

B A TE B9 B AL P(p) + P(q). RRABAICHE, EEEM TR AN
S TREAEN A : PEiq) = Pp) + P(q). WRFSMAAME,
B2 AR ATREBEAFI T, LAWK 8 S Ay XS /o ~2 W, i SR AL
R RAFRITEBLT , HOCHE AR 1 & R 18 wTE AR 1k —Fhor e 8t
T UM REE 15— B AR
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BEREREREXY
QAR WA, TR A AR nT AR

E(b,+ b,+---)=E(b)) + E(by) + +--

AT 2 e S R EdR K, e R EE E(b, + b+ ) IR

AEL, WTED,). E(by)-ARRRARAE ., bl W, i 22— AN ] RESCBLAY o

USRI NSy G /e 2| e S E P S

% AL P WA R LA 42 et R 0 RO AE AT, X e B A R

FBAAREM,

HERAGEF

FTME L ME 7o rARA R, (H2, —BIFR 7R

T, EaT | SHATARTRAZX A B S b, frm, A1

T AEMRYE (FERA e i 2 A FOCHE R RIS ) i —2ehEdE

Tk, ARSI, HE(E R %A BA SRR 21

B, ATLAT AR SE AR B A T B A LR

FEWE

T, FRFEA DR EEMA, RS R
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WETEZ [fFAE SRR AR . PP AR PRI, AR — BAIMRRAHE, #is
BT RETE . Kk, Xt g RS R p IRE A LU B

X pHgqg, WikK&EHAa (wRpHg, ML) ;
deRpmiEq, WKEH-b (wRpHikq, NEEHH);
o R B AL R, W E A0 (wRAEp, WEEHIUH ),

WERFAZFMEE BT, WS RHER, BIPq | p), R
bl(a + b),

2B B . B TR TR T R A O T S B R 173,
kR R BE R 4R 4% T LT S N R 273, S WA 1737 f I T
ANV SR, FhEREREEE R R BRI 172, B ftiiA
“ONSRBERLAEAR S A 173, 2 UBR 1737 MR AR TR, X
PR — A TR R AR, SRR R A AR
WA 23, (MREEHORKIE S, HEESM13, BhER1/3, Fit
PR AR A 0, 31X 55 PR R B A SRAR 44 T OIS i R o 45 SR —FE Y. )

BUAE, TN BB T 18 A 25 1 I 400 4 1 0 5 X A 2R A e A —
B tetn, BBeiAh LLBERLIRAG R 44 O SR AR I SE R TE R AT 1, O
SR XA, AL AN A M e, R Tk, oA T RE
T3 £ 22

T AT AR R — H TR, AT e AN BB

BB, 5, RATHEITHE T R B, WRERRTHE 2 5 oh 4
e, AMSAREE23; RZMAAHINT 13, Fx, 0709657
ITHTEDT B, REFHRTG R A, AR TRAT1/3; RZ IR 4
13, fela, ATUABHIARIG R A R 450, BERT b BE & soh Sk il LT H0
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FK By MR BRI IR N e, AT A TRAT1/2; R
RIARAGHR A, HIW0e , FRAIATEA IR TR A8 1/2; TSRS RIAIRAR %, U HLH
Fyo. FREMRTH£FOTRERO T b E MMM M. B U1
ZAFMr 20, BY RAERERAHR A MAEOL T, RS E Sk,

PAREA | Mk B, B, B,+B, B, FERiiE
T T 2 1 1 1 1
3 3 3 3 6
T F 1 1 2 1 1
3 3 3 2 6
F i 1 1 0 0 0
3 3
F F 1 1 0 0 0
3 3

BrEe2, A THEA R A ER AR 2, AT LRI i
X, BIERIT S R B, WRERIRES, RIS S
®1/12; RRZMATAERAT 112, HEEARZAH, XHE—XK, &
IERERELE AT, R FEA R AR 112, U, FRER TR T fr 22
Wo OISR T — MO N BT AR, TS RAREIRNAEM L,

RAHES | MY B, B, B, +B, B, B, BsEinET
BEEEIEIEI R
SEEEIEERREIE
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HEX B

TATCEVHE 1 AR O FN TSR AR 25 5 B 2 B AHOC P . 43
A28 R uEE i, MRS R4 22807 BFERG S ERMA
A AR AR ? R A FES R R A et e, A4,
PSR FI BT RE AR I, ARG I bR HE L IU) 2 . LA e S % 12 R R A ABE %2,
IHRZ LUBT I . X FTIER “LLIESE 9 454" ( conditioning on the
evidence ). MAHCHEM AR, XFMRIEATEBENG? Fof A BRI 1) 2,
HATA 5 B B AR R A HAH N, Mz LI 8 {5 AR iy
S

AEJE 3 X 33X A 1) 00 18 He B B, 5 — D I X S W
VAW - X5 W (David Lewis ) " LAUEHE A 24, D1 m 37 08
( Bayesian updating ) £ & 75 H7 1% &0 T 525 48K 546 Y ME— FL A AH SC 1 i KL
DU, T At A A R D2 Ay ey = W (A [ 255 38 )y > 0, 007 g2
=) KIFTEZ]. FIOKRAA— MR, BRI WA —
JiiAs .

o Eic]

e (AFERER MG AR ) SWELL N —F, ERIEE
o SEHTRE R I SRR A O — B, (BIATEIA B RR R4
SR, A A C RN, FFIRIE e IR, e et T
£ (AR ATREASE R, T EL Al RESS R A SRR N IE )
SRIG . MR A SE BT RN ( ok ] REAILEEAS R 5 1 UR IR Z 0] 56
A PRE) TR, JFATTHERMN. JaR, Mo mgus s -Fh
A, IR S
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I B O SRS i L 5 PSR A . — SR M KA IRBUR AL 5y, IR
AR HIBRER , A XS sE S AR PR AR Al RE A ULEE
SERN 5 KA FRECE 958 5 1 22 22 5 A B pR B, A E R SR A i
GBI o pe e lily v 17 /A i 8

BXNBEEEZAERELLEHE D FG

JHP(A | e)Fm P(ANe) IP(e), HP(A)ZFm e MEE R BB HEZL DN
AR AE bR HE SR R (15 LIRS 2R E RIS [R] ) 265 1 A A O HE AR
{Bi% P(4ley> PAY', FOFKR P(Ale) — P(A)o A4, WEGERT AR T DX
RS S AT 2 I

SR AMIEZLAGKA AT A& G HedR A

l.dwRAHe, MikaAH1; TH, KHEAHO,

2. 4Rk e, MKHE A P(Ale); N, KHEH0,

3.4eRe, MPL#HEAI; TN, KHEAO,

BAX: JeREEH e, WALA 2T, BFP(A) = P(Ale) -
0, MMEZRARY, MK “wRA, Wok#HEH1; TN, KEH
0" WHBkiE,

TEXFPRFOL T, A nl REMZE R 2 R BOME L L AR oP(e).
SR, FATIL AT LUAARE 9 LA b S — N, e REE %
LR, LIRS . Xk, WESL ARk, B
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A S AL 52 BIBE— 2222 FCR X At AT ) B £ 2 08

LUIEE A M SR E BEEREX MR

SRR G R SR & LUIE i Ry 25 AR G 0N, IR I G S e
BT AT HENS AR #B H BB 1 4 K M AR PRI TSR 2B, P, 2Rt > %
A TR HAT OGP, T EL I AR e 4l ST, IR AR AR
AR FART 22 06 A AR JLARA

BiEENEXEEAHME—HiE

HJ2, BATREAREWTE , DR 220 2 B AR A X Ry, 2P
ARG Rl — B AR PRp S B I i, FoA145 PP S5 1A B — 3
PEWR? KRN X oy S i 22 I U B Hovp, BTN 7 R 2
AP AE SR W S B AR ETE o 5 =R B A KRB g, 5
FEEH HR IS UE AR L3R (4457 22 AR

B FRATC B0 T IEJE R R A, I HLAE A 0F W T M PP 45 R
WIREA —EE. R4, DA 222 . FoATn] LU PR A
[Fi) B9 7 3 W S A 5 FRATT B DA RS BY f) SR AR IR . —Fh 5 T R4 K LR
Je YR AT T B R ST 75— MR RERIWIR, WRRMF
(BURIESE e ) 1200, WU B AR, WRME 2, Bt
AR AT 4% 8 ARG O A 0 B R ke T FeA TR FI R . B AR i
FHSAEAR A5 AUESE R 2 (4 LU S — 30
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X E RO R

bSO LAIESE Ay 2 SE TS A 22 0, R AR IO
A AR AR R b % A A, FRATT AT AR SEAS TR O BR i 4, st &
Fhor sUB BB RL . S50 1, SCHERBERIRM, Goit2f 5P 2 50 FH
LEM LRI BRI . 4t - 98 B78%2 (David Freedman ) 5
BA - HAEWT (Roger Purves ) 185 1 (il 4 W E 28 20 A0 DL 75 125 )
( Bayes Method for Bookies ) " A FRATTHEAE T — MREFHIVIA S, 7EX
FacEE, EEBABRYGTA R —ESTEREK MR, i, fEHE
e, GRS AR RSRAT A B AOCHE, BRI A SR
FILAUESE A 25 A SE BT A A

A7 BORIFSE I8 23 A 2 E 4 R H e AT 0. TEFRAE - RO AR
iz#% (probability kinematics ) AR, " IR W HE ISR A, A
[, TEMEHRZKRVERTT , RS AT (MR R A AR AL, T AR 432K
R 2 B H A A B AR MR REANAE . PR, X SRR M BNV A 6
RUSUR R, H—B S B £ RN, "o, AdhBXHHMN S
o] 24 W O BRAR ARSI o " USRI S BRI OGHR T S () A B (1 B 5 2.

MWBCHFBER , A 22 I (AR 6 2 FRAT R E A S I — 304,
HEMIEAZAMMA, BTN LA SCE I E. mRTSARA
MM, [RIFERQIETE M A PTREAS ], 130 A2 R I T 3 I AN AH DG
PERIORE B3 T L2, AR EmI T Y, i HaxX A A SCHE i g AT
REA, BRI L. FIHER B, o] g BEE TR
i 3 P 5 A B i — fieh e v e,

Pl T A ) P O TR B S B [ R B AN e, e
S T R TRME (calibration ) MERHEIE ik, ™ “HATH A



044

| 10 BB EH=ER

COMMEIRPURRIR 52, I TRAI4 AR |, AR (T 0. 75 %00
FMZHT, A — M8 ER, PO RIMG, K2 8)F fik2
HIEST . N, FRIAHPA) 209, Z5FEBLA N B, WIVRSZ F) B AR5 2
0.01; {HANARA B, WIRZBIHAETTE 0.81,

FEIEFR N, WEARARE AW B MO, R4 T BA AT, IR
AT LUE AR OCYER BAR R (%) SRFHIRIESI M . BRI DEBE —4
] L) 5o ARBCA TN BAR EAMSL, B4 SAH A =Rl GEvE: P 4D
el AR, BiR; AR, BE. MR EMBIEBEINACTY, "4 x=
P(4), y=P(B), z=P(AUB), Bi=IEMANE 2-1 B —4EEE z=x + y.

FHCHEML R, Sk SRR AR CvE B A5 A R — 3. iRt
FEEANHAT AR, 533 AN AR OC I B B B A A e 2O 1
MRAZWIL AT IL7, TR BT, FEi%F il & AR — i
UEEAR A XLEF A Z BN, KRAHERA S e R A C
AT, AT A MRIE F O R 5 e 5,

SRR SR FAUE W AN WL R B R BT AR TE, (HEA 1 SR
HAR A B e SR, B n] BB A AT B, SR
AR EARE A MACEE (R 1800), 847 T 68 S BOEE M) 45
R—B 2 R =W T a2 AL, BEAMmeEs 5L, i H AR Wi
R THTA A B

EERARNE Y, EAZBALES D, HRERB A
edtk, MERMNBUWMERIG, GrHE, WS EA TR, Bk
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E 2-1 =MESRAATREEE

AT ARSI s BRI A AL, DR A I S i i B i i, PR TE R
HSETREAEA T, i FRUR PR (risk aversion ) @, BI#i 48k
AN BB S Aor 2 W A B A . QNSRS XS b, AT RE S TE U AD
XFR, FOREGREE 7. 3, BUHSSRZEDFA RS R, #
PRIk S ) T g v R TR U A e, R BIE,

(ELJE:, 28O Gl 0 Wi 7 MR R R v I B R BT LR FHAE PR EA 7 K
g7 ZEREEER, AR NHIE R &2 RE S (B S
3 ) ( Truth and Probability ) W45, Ak, FATHIECHIT 4R B ) 22 5
i, ) LFBRERER, A2RRhimTEy.

© ARPEE, RHEE R AR RO AE, AT AR A T o R M
SR B, — A




046

10 ERE IR

XA

B B N B R T R R R R L E bR, HE RS

$iI - {A%F] (Nicholas Bernoulli ) $2£H “Xf384516” 25, AMIATFA
KIEMEFEHLE . 17134F9 H O H, Rl - (A FITE G 45 K BRIR - 525k
( Pierre Montmort ) ** A{EH T IR, Hod o4& T g w4 a) B

]

BN BB, AGIBAE: WwRBA—HKEBHHRT, F—5
RERE 6.5, AMSB—HKAET; wRBF_HHB6E, AGLBH
AT mRBE M 65, ABRLBEZHET; wRBFH Wi
B 6.5, ARLBAAE T, AL, HEIBHIZMEL S V7

FEENEBE. PR L, 22 AKEHLBHRETHARZ
BRI, 2,3, 4, 5 XHGREK, mARBKL 2, 4, 8,
16-- % & 1. 3. 9. 27K H 1, 4, 9, 16, 25K & 1. 8, 27,
64X AWML, REX LMK § REME, (2/hah—2k
JEF iR e L,

SORFSLRR ORI, X SE ) REIE A e, HEOK IR 55 BB FEp AT,

“UREASCHER A - (A5 B4 T s S GBsR A I8

JE L - AHSF A [mHE o SR A SRR Ak — ik, ARSI

R JC 55 B AR 6, EES FLAN )8 b () JLAS 095 G2 Ff e TG
95 Ro RAASFIFTULR “AER AN A", SRR 4 Rk & AT
2WE? XA TRWE G BB A E 4 S KT AT A A BRI A~ A#BIH
BAR, TRAAS A ) H AL T8, 172845 H17H,
+H2E R 0 E R - T3 M (Gabriel Cramer) MESA e W HIE T —
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ESNE

AR BRATEAKR A T, 2EM1EREBERETHEH
R FTERME A THPIATFE @ L, TABEXBHR
HH, wRBHE—AHKFR EGALALER, WAKEFLB—K
B, wmRBH ZRAABE@RA LGLER, N AL BHKES;
wRBH KA FE BB LR, NAMLBAKET; WwRB
FaRFiFFE@PALGLER, WAL B KT, AsEH, i
FERAN, ALRAIMHLBHRFHIZ-ANAFTKE, XAL
>+ 45 RF, BAMARENOATARTH R KB FARBLL20,
B RERALE, AMAEER, XFHHALRSEBAGER
BRZAAH 2L AR KORRE? KikA, AP —PREET,
HFRARBERN BT R TTOMES, mERGARIEG R AL
B RR

A, OB TR EEMNL. B, NRBEAXRZ A
%, XA T REEAR T R 2, I HBMERE R RO, X
B A SRR 3 AW ST HE M N A E IR,
B FLSEA AL S W R B A AE L

BATVRAEL I, 4o R4t A ARA 0 ELHE (Moral Value ) 4
HABGE, AR A (B24E ), BB A TR a0t
Re3rnF, AHIMLEATRAOMBMEARTZH1I0007 245, &
FAH ARG 61045,
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Tk, FATHA 7R AR F MO EAZUIME, B3 0NE.
1045 J5, Je il #9555 P JE 2K - 1A %5 #1| ( Daniel Bernoulli) 7 { %1%
5 2 KPR E B E 8 ) ( Commentaries of the Imperial of Science of Saint
Peterburg ) b2 TiXANMIE ( BPEBAFENEIS ), IFea i 7 EEA MR/
B WHT, FHERMEHRIAR EARE T i M r R 7R, e e
TS0 BT R AR I 2R H R T v 3

ARetiX AL A ey FH IR, FLHAFEALEB T4 TR 0
PR it — A2, W BaF K 6K B LU, FELE,
AR R R GEFAAM, EMNFXEEP BRI L EGEE
F Rt — 5, ZPAR—AFiE,

SEIEMFIFHER - (A5 A d e AR I 7 RARRBOH R sERMA
AR S BRI R SR & B 8- A A S e &4
1 G RO U L, W e MIRAEBUT S T 0 s Bod dx 8. ' 3, N
RSO A ROBHEAT T ik, JFHe TSR i S B, ™ ™

AR

BRARRCR Al LU RO R i, 75 e & A0 e BCs 2 0 5L
2, A far EEWE? 19 20 5 [ A DA 32 SCHF A R AN Il %
O (HCHE SR ) k. ]S s AP E 2R i W
s NG EREE I — AL, AR A IV 4 5 2 2 L
I LA 2 ol o ) L
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(HAE20 a0 4, —90E F LT FIRXT XA M BT T IRABF
Fo ATy, WSRBOHTICEM E, AT R REA H B EMAE S
kR FLRNENZH., i, XR/RMmE, WRANZHKTB
RO, XMW E RREMRN FA, SCEU, WRRRATLIESE, P
LMPFE A TIASE B, BOHbRE R BA P E0E S0, Wi, ErmHE
Fe H 1) ) 38O o 2 A LA AR ] A 25 36 Y 8

194447, 2498 - 1% - K2 (John von Neumann ) F1HHT K - FEM
W45 B (Oskar Morgenstern ) it T (128 5255178 ) ( Theory of
Games and Economic Behavior ), WML T XM R i, * X #EVEidE it
FIAXR TR TSR, 167 8U8UT e kel EA g T 2 E0%
it

BB ARIEARAI i, KLl b G SRR AE “4F7, B R A B4 R
FRPE “SR7, FRBORXS AR (S5 ) B mari 2 Fo &M “4F”
IRER R p, HALNEOUARIR T “087. FATal LABE R E£E 4" F1 “4R7
FIBORME, AECRUERTE R TR&. SR (5EICE . R 5k
FERREERAL ) i O FN 1 IE&F AT LAWG R XA, MR L, FA 1%
“oFT AROREER L, WO MEBURER R0,

BAE, B HARAE ] 45 R ORURM &, FeATTER T LI E] — 445
B HFT BIRER R p, MRS FEASRERE T MR, Jfdip
HOXAMNE R REA 2N, CRIG, 4 ORBAES T, Mk,
O MBURME S TN R RO, TOLRIESSRE “4F” B8R
K, FATAT LA RSN R B AOH . EER, AT A ESUH M F
bk, o BRER T BRI, U I 3 R 2 R i A WY

@ XMERRAFICR 2R AEER, ECP RIS ETFRER.
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WG A . FLSE, R e B BOE AL BRI 1 ™ AR SO B, 1515
SR HIRER

Hesh, BATA SRR W XA AR A A, AR
ERAGROBR . HiG, Al e TR, R
SEAE R A o FATVBUE AL XA PRAS SRR, — A4 BT
A XS R BT — B FERXAARETT, FATAT LG — AR B
WMRAFAE— RN, SR 8 R 5% R R e — 2

LR AT EAA LU A 20T IR L J . B, DR AP AREXT BT A
B JRIHEFF o X IF AN SRR RRS WA SR B G — RE A AR 22 5, A AT RE
E—HRN. B2, TEMIILENAREZI LY, Ml 45BHAE
o, B, SREME -, XA R AR K, Wi
WA B S RIS

EE: WRpMET ', p T p", WAFEMERa, HifF

ap + (1 -ap"5p'EHZEN.
WM p T p MR Y HAY
MTFA R asp”, ap+(1-ap" £ Fap'+(1-ap”s
ST MEE ORI SRR, YRS p  BOBER AR (1 - ). EANNIME
— I X B TE THER  a BRSO ARTR], BT LAAA A e 7 12 12 2 B4
A, FEm R ERERA a RHRXTE RS A XIS PR A

FRATIEATTHUE B D 4 2 PO, (BFRATTAT R A TR A FH s
A T . WAVCAWRHEE-MLE B 5 K MBUHRE,
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BOAEPRE 4" OB, RERNTEZREIOR, MIRER T “H”
5 W ZIEIWE RS, BT A LR RN 8 R R e HE AR O .
IEGERXE 4" MWGRERT K7, HEIETEUERIRXT “4F” .
U5 W ZEIEREA SRR . T AR AR AR

B A A — AR p H +(1-p) K7

“ﬁ%” p “H”"‘(l ‘--p) nﬂ:n “ﬂ:n
| 1 J

mT 47 SFTHETEER U7, R FTHE IR T, m
H &7 BT IR, DIRATAT RS A

p T H(-p) W,
p uﬁ%” + (] _p) “ﬂ:",
p uﬂ:n +(1 _p) uﬂ:n’

B 5 33X 26 i 4 ) HE e B0A (R REL. 7 o7 2 57 AR 048 o 52 2% B
AnT LAUEA A~ E DO R B HE P B0, BRTERORIARBE A7 B4 e )
SRR T B BRI W SR

FEMEE “#F" 5 W7 Z [ BREFERIE R Z S 8 A AEAT W )R g AL
FEE, BATAT AR — DR R p, (75 p 5 g W BRATTT 5 B (T 22
Ao TR, RO ¢TS5 p MFERBH. AN S REHR B X HE
WS R/ Wt @ EE N A, A EMESE,
FAT AT LAAG 3 52 B )38 T T A BRGNS - AR S - FERIR BUE B

fE b —FRANGGE, MERS A 2B a5 RE AT #E.
REATHNG - K S - FER R BB AR AW EE, AR X A (A
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T o ik, FRATSE RO e I BRI W RE AR, IR SO DR ARE 3R ke il B 2
A, SHEEASEAE LR g7

MRAZ. RIOTUHSMAME (RT. APER. 2i5f#
), R BERTA FP A NBOH . R, FRATTA RO e il
i Xof M A i X8 SR LA SR (R A S A T, B KR 2 TR
WARGR, URKEEGZRLE. BV - LFHE (Francis
Anscombe ) F1Z {f14% - H 2 (Robert Aumann) fH—Fh{Eji%H Kk, F
1964 SEHUAF ) —TRR .

HS, SO BT A ARG 22 A S T BRSO, JF LT
AR X S Bk A i T REVE S8 MR SE . B A TR IR AT R A
SR AT AR BT A A L BR A A AR T A RO . VR IRIA R IR ]
REAME], (R, BIAFrAEM it sC (O S ) P 1. bt An
faT R iy 7

VLB

KFXAE, AICLEMA T, IR AR ST
EEUPALT ML, IR BE L, AR AT p A B Y FL B T A
A A B AATT RO . AR, AMEMERIES BRI, Kitkph
HH) BiR S p MBI B, FEAT W AR RIREATIEM 2250, Hetn, AL
FAHLETIERS o] 22 oA SR (IR B ), i i) 45 5 I 1 )
bR b, X RER R SO R, RATHORLE R,
Mt b e AR Z . WESE EUF, LUE P 7 (4 6 2R i B i
SEWE R, AR T ENTR RO RO TSR AIBER SHO0H, mHA
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SRR RE AR

FATAT LA BEF 50 7 S — ME B b Sz A A HER O 172 BBEA
PIRMEE SR AFN B, I HLARXS A it df PR 3R T /5 # o QSRR L[ 4n
BalA, RZMB] 5 [EAMB, RZMA ] BEEMAR, XA
by AR A AR R 1720 BRTE, FRATTN AP AOAE it 2 1 —
NERERY) . X — i AEWER, REMEF S, Bl L
BUPREE . SIS R SO XA IME, B50  wike - FERIR B e
B BIAK, HANMREERGE, A T4RIBAZE, AT
A LMEIESE A ACRE, R EAT IR I B AR S A A2 2 b S an LA E R . T T,
FAT2E 358 BH ] g PR A5

#5

RiZF 444 (HH, HT. TH. TT), Ef#HEM H5E 255,
BBUK - %7 (Farmer Smith ) FAS G0 B R MRS il o, BAK
Heidt, AN IR R S A AT AREREE R, OGS LRI
Segb R X s B KEHH, HT, THIR R TT 4., Hitk, A
IS AR TE R FGR M TE, X 4R S H L AR

Jioh, ARBEEAMOCC RPN, X4, B, C. Dififhls K
WCRBE, TRIAR i A S

W HH I 4,
NS HT W B,
s THI C,
S TT I D,
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VAN %A, B, CHIDM{LE SR HAb AR e 5, tetn,

M HH W D,
WEHT W B,
WA TH C,
WARTT A,

X S FE AR 2], ik, XHbokid, HH. HT. TH. TTHA M
[ RRER, #R% T 1/4, (X HIFR B e 176 (iR b 5 BT 5 5] (9 i
A PE VR ST I — 1T LA SR T ik S R Rk L AR L dad
R ARG HR, )

TE—FE S, WK 5 SHX I Tl — B T, Hirkel
IRFETEBRUR - IR D, DX e idE, 57 OR AR 5 SR AR )
AT RRERAS AT eSS B b S A B, X3 LR T LU RV, GnsRfdut 1, 5K
AT AR E—3k

b Bz D e 4 485 SR A5 B0 Sk A ELITRR B AR, DRt A 2 5 A 45 23
T AR 1 Al AN B 25 SRR AN B0 S 0 ELIOT R I 2R V& L,
DRI Ath 25 55145 SR T R 2RI O TR b A S PR A5 R A 8 s T I 614
R R+

1| 423 5 B A4 0k R IERE,

0 | 43R5 5 B4 ok R B,
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BT 2%, WRHHBLHT S TH, WIEEBUR - iR isAp
Sk HWTRFBURIME s QR TT, WIFERR/R - 2B AR 204 H A RRE R
R XPEEBRAR - SR S, PR HERIRM XA A A
WS B LI T AR S 374, FRATTRT LA B A RO bREE

1| 15305 B ok R,

> | A R,

0 | 13755 ATk R A M.

FHBOAAN 2 5E , ISRHH, WREER/R - s BT S IR Sk 5 EL 3
FRBURARME; WRHTELTHETT, WBGR/R - s BT A 25 H R
IR XTBROR - SR S, AR BRI ST
AT . TR, BOHbRBERAS K -

1| 43305 B4 AR IR R

%Iﬁﬂ%ﬂ%ﬁﬁ%,

1 2%
Zlﬁ%ﬂ%ﬂiﬂﬁﬁ,

0 | R3] BTk RE M,
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X SRR , QSR BR AR B S BRSNS AR AIETE
5 “WRHHECHT, WG 25 R B R 30mE; MR THETT, 4G A
BIR ELTRR IR R TR 3 W B AT X BRSNS LA T
HAST A TR AR R, EFRATAT LA E BRSO 1. duEd, %8
TN (CWURHHECHT, A5 08 BT RRBOR A s AR THELTT,

£
2

—AMEE CUCRECFIARMENAFRRE, S WARAEISET ) LR A

W%Kﬂ%ﬁ%ﬁﬁ%%%ﬂ%@%ﬁ%%&w+ xmgﬁﬁw,%

P CEEATIRME ) x BOME (808 FLSSATSEME ) + [ 1P (BSRIAME) ] x
HOTHEL (S8 LSRN = 2.

FRATE 22 AE X PSR AE 73 50 34 /4, i AFATT AL ] DL
FEIRIR - S — AN AR A B b S R T ) A AR A SR
R R, B

p(ﬁﬁﬁ%):;

P F MAHOCHE R 4 I HEFPEA T, [ BATT R 1 AE i E AR AL
FHE A - 5 S BRSO DR FE — B0 i o (R SRR A8 SO JURABERS
WA T IXA Tk, (HE RO AR S b ) BOR K T RER AU r 2
N E R AR AT G o SRR RN, FRATT T LA TR A A
SRR R AT . QR A i 25 A AR 6, IR AFEd F L T
MR ME A 1, ACHMENIBRR T 0 1 2Z [l ANy e £% .

TEAAAS TR, P 5% 52 Uk 20T T A A eF 8] 4 BT Aok g A
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g, BTG ke MERNER, EERETERH. FX, A
TSR T 040 SO 2 e R e B, e R A R R AT A
1954 4F B ( Zeit2#3mt ) ( The Foundations of Statistics ) W H i)
htk, ™

ORI - R R R R A MR AR e B B AR A, T
XN, BT A LR X AU A O K ST A ERAE R . e, fiI
WG -

KEAAF MR P A BCF I, B EIR A E AT AT
B, mRpi RS T — M, RAHIR AL R
HFEETRROENRIE,

(H, X FIFZSbrdi s kul, e R8O AT 6 21/ U
JERME AR AF 7, BMeE SR AV, B B

KATC4E R ARG —F2 i CROCTEBEEERYEHE )
SR AT . HARESIE, el —Fia 2, Rl
B, RTESSRAEE ML TR A T OB PE R . I, 3K
TR AR A 2 3 A4 T R A AE o436 A ) v 4 00 B by ) P ABE % . 3X
NEIH T ANl A7 NG E A SR AR FA PR T — 3R

PHEX AN AL

FUKTIE AT A EE RS, AR %
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RBLBA A — PP A B 7 ik, JF BB TR 8 30 S (838 A st
HA R . SR AT B AR 5 AR AAT, oA AT RE
AT WG BB BE . QSR ER(E SR AL RS, AT 24l AL
Az TEHTUESE A AR L, ANTAT LRSS IS B WA, SR AT
HHo

WNARIE B R BB MER %, IBATATT LAKIE &Ik, [
A I AT, B, — DRI AR, Xk,

FIorak R S F R E
AR A=k 2 2R AR,
Yo k¥ A1 46 HE - 5 I 2 2 R — B

MAEE M p Sq, HIEH X p HqME M IEp MIMETE, LLEHA I
EMHGER . WMFRMR.

P q Hxtp H q W TE FEXHE p 1T Lk
T i ¢ o .
T F —d = —-(d+f)
F T —d e e—d
F F —d e e—d
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WA ATE p G TE  d = e, WISSEMIYF—A M4, ©
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A, WASBIGS NHERBCR, (XERASEFRINE LREF =
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HATIERE A =5 (8] o B A7 s O BESR AR AR S5, IR AR T BT A B T BESS 2R,
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[0,1], EPO~1 MBS . Xl SEB i X ] 4, it P(4) B 1
AWK, R)5, AR ETIE, @R X BRI, i
S XTS5 40 P S T e e B A G 1, (H3RAT]
WED, XFMEE— ULBARE,

AR R — 5 0.01001100-++, 334~ 37 ] £ 7 1 454~ 1 5L
RFERNPOE TR FREEUE | A SR ES, ZER
FTA TR ML AR 1eexeee, P+ mJ L2 0, a1, R4, Xuk
JSHEMLT [0, 1] 89472504 -

d
2
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% ( Felix Hausdorff ) 148 B K /RS T 1, X2 RECGE R

FHAEATE E IR 12 F AR AR S EA 1,
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A B 21 () RIS S A O

AT 2 RABER =K D 50 - Kk (Mark Kac ) f[EHZ: °

X4+ x, 1’( 1}

19314, RABA KX EKF, EHrZH, AMAKRFTHHTHEE
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FeBUAATING, KufE BRHER, WHLRB, BIIBEIZ PBIO) I
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PnB) = [ fdP.

THERE S AR FR AR, HSHCPIr—F, Bz
B8] #4257 R AR AU A R AR TP B B ©
A R AR T A B T A BE LA B A R R o AR



B 5] WIMBBFHEMRBEDR?

ik, mstHr, AMITEVHE AFMEREM R RARS, ATRES Z X Fh
HHiTE . e T EAREL A B M LSS b, XA ] R B
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PR SR I8 R [0 AT TR T ol ] — 2 — B A PR 4 M 3R 45 i) A
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WRFIEE A0 HVLERE— T, EREBRER 27
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PUX AT LA —Fhir At DERTESE, MRIRR T —HES A, 4, 45, -
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PABE) 5 =2,
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i EL, FATAT A CEA ANk TP A S B T AP . S R
(2 LA AT BCAT I s — S 1 AR AT S 2 0 LB 2 O
%, G, WREEAAE, Paa ST GEM) —5.
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PR BEERISRAY (BEARIRIEAN ) BUS A EZRATRE, R AT
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AR BAELRAELE, 1E 5B R A AR AL AR
2SR, RTR S BRI KRR MBI AT LI e, flu e
X, NP BiE, bR — A ATTIRE, Mkl LURA 55 Pl
S BICT5 TE R BRAE AL .

WL A1 b A A s B i i AR BE A A7 R A EE S
B R A AR, RSO 47 ERRFT/RIRIN BT R BIR 2 )5, HAntE
LR E 2251 % 7 AT,
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FEFAMIIIE 96 3 0E , IR 1 K S HARR HUE, BRI S %,
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AR R Tk AR, T MR 2 . 3 /i3 ik o] 806 55
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BN E A ST LURIREFFIX ] [0, 1) RS8R . RATE X A5 &
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MEBANEME P —ATCE, WEREREY, W [0, 1) PHEN
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WRENASE, RIETFEAEE, EIRMBRLRMESE, R
FRO, BMRAMMERET 0, R MELRE EE, RS
FIRIH K CRYIETETINE ). FrLA, XSe4eiFIsE A RA T,
A AT REA

B, HCAA AT 2 R A B T e, SET R T 19144F P 7 =
HERROLHAG 2 [ A g — A H R U ], L E 4k ( Stefan Banach )
ISR (Alfred Tarski) T 192448 “AURIAA BRI Nt , #9217 E/M
eI, PR X — 4 g BRI XA,

M [0, 1) FEENLER — e, IR TR, 19294, *
EL S A 7 FE R 0T 3 ( Kuratowski ) ERH, 4055 B HE /R 1% L4 8%
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B . A TSR Z S, BRAT X RIOR 25 B A B 2 K5
W7 TEAMAR, ERKREZAT, R IR 25A B BERIRAE.
BT XA LASE, S SRR A AR . I RIS AHIE D

, PRAR T XA A B T REYE, R e B R
AIRER, X RMBERAD RS 7 R HFOR & 727 RS R
AR LT RIAT A E L7 7R AR 2 I SE I AN KB B S R HE T
MERRT, 3 [n) B2 5 o B0 04 A2 . AR A, e TE A Ak P X 4 ] T
g7 FE5M - DU TR SeR 1A B TR A i g ] A A AL

DL R i A R fth A 5 R B AR A -

o kA ks FAH 0 R A KB A K Mok M, RE—RFER b E
FO0h K AL T Al 2 A MM R

fAE 1763 4 & R i 3C CBER LK) f# 12 ) ( Essay Towards Solving
a Problem in the Doctrine of Chances ) "1 ] Wil 7/~ AR, Dl



130

| 10 EREHERE

MTEIRTRER], ARSI SFI ARSI (de Moivre ), ©#BJEHIHEAE R A
Wida s, i DL R AR A SR HE W, AT A GE T HHE T S 1K
2= i

DI ST 4 5 18 SCHEAAE BORRB A& R, A B 2t 4E )5, FEMY
A A& PR 78 - 3531 (Richard Price ) MBI T, A4 LAE . 1763 4,
e MR SCRB A P e R0 4y, ERMBAR S i | S . AR
P, XRHESCERRIRAE (F524I0TH)) ( Philosophical Transactions ) |, ¥
SEMTAERE VL o R SR E 51 Btk ) B IRIRAT -

------ Hit, FERITF4EEEIA P, oA 2R3 —Fr A%
Fyor ik, B TEANAFH, BMNMRLECELEFLTREY
KA R W R A, BRI Y Tk, ARATEE T A A i AR )
WA T ZFHLAGRE,

XA E R O HE AR, BUAR R & A G BE A A A S
F—WEARMER, ERIHEE GGE, DM ERAC X AR S], H5R0F
SRR AT SO SR AR A L, st RO =E ],
J& KA e T 4 PR HnE 2 (rule of succession ) A, #E
SRR .

DU B S LT AR IR F A BEAFSE SRS, i S ReAT
FaEA K

O AAFFIRRSILARE PR R 1 S R R R, R T 2 U K A S ) 4 FE )
LI (2013 BT D e o ol N s A b
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L

H— AR HAIMEN G, TR EIA P2 E A EAN
sTHE R R IIFH, AR A RN LR REIAFM, F5EAHKMN
Rkt X A FRRMSE TREAAGFELLT AT R L,

MXMAER, XATEE AT LUAHE R T - K% ( David Hume ) [7]
BB R IR 1748 4 U  AZEERRIE ST ) ( Enquiry Concerning
Human Understanding ) "5 .

RAEHREFRGEBEXFFY, 12d TN R Ll ETF
HeAEZRRE, A&N Lt 2@ =427 RFGYw, F54
T —FF EAI5 & RIS

------ BAVEM— I ot, LA LR THTEHZE
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H, 2R, WwREMEINEANRR 4R A GRE LI FAAMGR
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EAHEI e, ZBRKMNAME TRFLGLER, St BEEEF
HRFRARAE, ERANCRE S B LER, SR, HMLM
BREMEAREAS SV, BMTENERI SRR ERFEE,
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MAEIFEAE, ERAR, wREMHEETARET F ROFH
&, IR BB BT A 6 — ARbE PR i AR 4L 2R X 4L b o 9] 40 B AR
ARIBFH, RIAAXHEBT

il - LUK (Sandy Zabell ) A7t fUEHEUERT, DL i & AE AR5
B R SRR AS A IS A P 5K T 2 AR 1

S — RS W 4E - W45 ( David Hartley ) T 17494E I € A
K MEE ) ( Observations on Man ), {EFFR: “—HCLHRMIA A Uk 73K
AR S T TN R k- L, B R 3K A [ Y i A 5 DL
WHe SO Sk MR A — 3, 3 = /MIEH %48 - #UK ( Andrew Dale )
KB DU TR SO A, XN B IE A I S A — T4 Sk i B DL Y
AR, A AN 4 BRI ) H B35 5 1746 4FR11749 4F,

ANATTA g DL ot 47 2 £ DA PR T R, G RS — AR AR I
TH, e b5t s i B b e TRBIR B R H], RsE (A
PRARAIST ) P UAH A6, SN 7 UL EEIS Y A K

------ “KMI X RAEFAR o “KMIPFXF LR XHA
GH, ARG HE, CRAMTE, B, RNLEwTLL

EAEY AT H AL

1 (AR ) (Treatise ) v, Al 423 7 H 22061 5920 40 U8 1)
iff e 1k

W RAARKMARTRESIRRATAAMAERT, KR
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JFRABTE, RERTELER TR, MBI LY
BN B

W TAE AR S AR b, 28 1R XA B DL i30T ) AR -

ERMBE—T, —AARIBEAF AR E, 42 kEE0
BRFEHORNAF LI, RTHEYaAFRRR, KETHELZE A
B EE NG FY, FEF R EXMELZE, EL R
BT AL E,

W E TR, A 100 J7 R EDUIN 2 f, K PE T+ A A RE R AR A
AREAL T — RN /N IX Rl HE (RASET SO BR A 4 210 0
SR—EE ), BATATLATEAEHL A, SRl DT i A i3 R 18 SR AR5 ]
RS . WAt 3RS DU e SO EAS T4 R Bl & —MEEIE,
LS IF - Wi A& ) ( Stephen Stigler ) *ITH A& B, FE 0 b AR -

A M E T H O D
OF CALCULATING
THE EXACT PROBABILITY
O F

All Conclufions founded on InpucTioN.

By the late Rev. Mr. Tuomas Baves, F.R. 5.
Cemmunicatsd 1o 1be Royal Socicty in a Letter to
JOHN CANTON, M A F.R.S

A N D
Publifhed in Vol. LIII. of the Philofophical Tranfactions.

With an APPENDIX by R. Pricx.

Read at the ROY AL SOCIET Y Dec. 23, 1763

LONDON:
Prineed in the Yzan M.DCC. LXIV.
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R TN S5 B D BER R ik

F5 b, HFBR KB N A I A A ARE (e
SCPYGE ) ( Four Dissertations ) Wil T DU S iR . FEffG — Rt
Serb, R R Y ARIR A I A O T A7 38 4 35 44 18 SO ZUE A IR i) %
AT LA S FR

U SUACIERi:

H B ARG, hIT R E U E AT, BMAE, mA
TH, 21, ERCHABBILERXIANHIBZH, RLMEE S
M kAAFEE,

Aid, BARKBER BRI, (BT AR — 075 0o B
%, Bt LA K T REER AR U1 S0 i) 5Tk .

DU SOT L8 THER AP, X B L S 4R
T SEG AT H AT . DSRS0 S E AR AR A S -

AT FH OB EARA AN, ST RAFHL LS S0
BRI ANRHBAE, > EREFHRAG AL,

AN CRORT AT AR, S E R AR R I A
MIESRTT RIS, AR AR I RE LS. X BGE, W
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R e AN N RG24, HIWREIV %08 NP(e), B4

” IR e AN HIEYE
pe)= o
N

A EER R, PR D X A E A 51 (S E
EIRATEA ) hFRR TRE. B, N AEEE A THEAR
Pt ERI A URIRA]: A & MR s L, MRS
BT REZRE XA T AR A AR (R, A R IRATTIL
PS40 20 o] SRR A 1) A B D) 5 SR

FEXAE SCRYFERT E, DU Sl 7R A SEAE T

ANHAAE S RE 52 1 AT 5 T S B A mT hb . MR —> “dnfRe,
W ST N I RS S E g a, “Un R e, W AT N R (E b, “4n
Fe, AN B e, MH=FMHEIM, B2 “ife e, me,
WSZAEN" B AN %S a + b + ¢, BMBMEHIGEFIE. ML,
mife, . e, e AHEM HE25R, Kk = DEEBTE—E, WiimE
EHN, PP = AR Z A% 1. HEBRFLN ( negation rule )
WARTE I — AR, OFEFE, X 5RNES Zaikb s ry 20 221
e SR EEE T, )

BT, DM T L AP R L AR YE AR AR R S
( conditioning event ) 5 251314 ( conditioned event ) % 4 i 5 5 IR ¥,
DCAF PR OL . — bR R AR S R AR T R A S 22 o — T
FMHERF MR AR E M2 G . A G —F oL R, HoAE
() 2 A I FE RS [A] EO2 R A B, e iR 5 44> i B X A4~ 1]
BT A BREIE. DR R A T, B A i T Bk
SR, DASE SRR R SRR SR S 0 R A O
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BRGRAABANAFHOLAFTAEEZRL, FAFHEX
EAOWMERN, BNFHFRAALAEGBERPIN, o RF—K
FoAFHEAAEBBRAFHRE L, KFHLRMAN, KikA, HE
H A, F AT NORER b

DU, XA AfE SR — R kA, At 2T 3 B LART
— R TE -

Fl#fs, wREAMFLERALE, KNP AR T2 &
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Wi d, BRE, 5 AF0) B REBEAKE, EXFEL T MG
W TE A BE RS TR B AR R SR L, FRATMBL B T A B W 2
X, REREE TR,

Wi, WHHTHE FRE—DHE0, HEFRE AN, HEm
T AR UEM

P(FR) = P(SR—KBR) + PCZJER)
= P(E\NE,) + P(-E))P( )
= P(E\NE,) + [1 - P(E)P(K#k),
P(RR) - P(BR) + P(E))P(BR) = P(E\NE,),
P(Wk) = P(E\NE,) | P(E,).

B b T XA AR B B A 1 O E, B By BORER, JE DUI A5 Hh ) — 4
o (AFEU X MERIS, Pt T T —UCAT BRI e e
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FBLEIT L . B2 89 s 25605 AR SERG 2 R R0 43 ] 32 etk

WEM A RS A5R HoA al gk, fE M BR SRS R FEIRE G, 2
EAME S Z AT AR i, At ud, XFPscEE IR & LR AR T
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HEAZBE R M — etk . TR R AR R X A e, R A
X e A P A — U G RS o
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o —mE, BATE—HREHES M — A d Lo AR S
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Wp=2ff, PO1)=P(10),
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FHATE A bR, PREZBIPIIRRE], ABAFAIBEP R M.
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L X ATRE R —TURE A5, HE dR B o0 A B AT i — AT
WL

fEIX IR EIRAT T MR, R EA R AT SR8, (4) (5) (6)
GEIAIRES ARG . HLUER, AP BRIF YR SESEH e BAEE A .
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M) ~ H(d) | < ————
n

W RT AR, X =1{1,2, -, nyflu={1,2 -, n, N
T X PRSI X = (x, -, %),

Muk(x)=’%k
1
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&iF: 4, WEHTEEXIEEFE B ] IS2LE T X ={0, 1}
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HARMAL, BERETERFEAT, Rl ESETRNES DS, SHEf
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Horp, fJ&—A~ 12 8. RANDU S — S22 30 i) -7, &l H 1) o
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BUE T SR MR b

ST A AL B L R ST 2 B B U R B X, =X, o X, s
(mod 2%-1) JEBEHUECE AR — 2R A, U RS VR fe k)
—A~, ERF RS T X, X, -, X BRI THO A Lt —A AR
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FARxE “IRE” HIFERF

- OKRFERT S HEIE R GRS, AR A R S E AT eR R
FEEN, BAATREA BT S, WARRLS - FORTE (M R R BRI 4
A, T RS R AR AR ) SER, AT R e — A e R B0 T
BOCREAR, #BnT LAt 5% 40 B Ve PR sR B RUAE XS - DK FE T b
PUFS . ZTREFETHNARREE, LRERRARTER.

HF 20122 30448, BIR | FEREE - AHE/R (Kurt Godel ), HarFi
W JF - 5e3%JE (Stephen Kleene ) & J& 7 Al it ML), X NmEA
BEA TER, BTN T - K ZEH R BEHLUF 0 E X, SR
AT 1940 4F R A — i,

ESAT AR i, RO BB AV R BOR AR RS eR 8, BV AT e (LR ALK
FTHI RN

XALT R HARRIERE, N R VLA BCR =T 808, W75
Bos 2 A8, WX AEX LR, HIUFIIMEiEaRE.

ARSI, A E AFAE— 1 BRFE. 15 - K FE - BR &7 BEAILIT 31 Bk
DT R % B RRIE . BRI A A XN B E R BEALRY, 3
EATT LA A X A AR R, X B RE T AR A 5 e AR T e
- KIEWTAK, I R G AN AT REVE S BEHLIF S 145 B0 14

BITHIE R L ERAZE, SAMPHRFHEH A% R TN
B3, g mRFREEES (FTh) 24—H, AMieBl 2%
AT b R IR AL A M b e dhak, !
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REAR XSS S 7 FaR R, IR e LT AN 0T Gk 4 50 ok st
Byoynd 2 s il

M2 B S, AT N AT B ke e SR A AR i
BRI, AR =G TR, S b, R RGeS S T i
FMECOC. 193948, ik - 4EShdE I, XHT A4 T e R B AT B i
o A AN R IERTRLT A, Hoh H AR R 12, HERT
A BRAS LG BeLASh, H AR XA AS /N F 172 (i SCH 8128 1) 17 51
10101010--- 1110011001100~ -- 5 H AT X AHF . PR b, FLRTE R TER]
1 - KM 5 SO A ST I BEALT S AT AR ) AT 4R H I
PR R BUE G T80, PRI e IR A~ [l

) BB AR IR AAE TR ol o3Pk . B, 1 - R ZETA AR B %
PREIOE 2 SCBEMLE ARV AT- S A7 AR BRBE 1

AT — 8 - DK FESTBA AL HESR AL 5 i — AL L, (H
ok — R A T e T e ) — A FRATTA R BEHLIT S A] L
3 T AT 8 P AT S (BT

1966 4F, fil/K - 5T - KREW T —Dalfrt ik, "RV ES,
WA RN AR, (R ANTABEN S5 T %R0k
A Sl e T2 e,

ARSI LR &, IBame gl a2l it
BE AL 1E S AR R A, A S R R A
i) FAr e ik HL AR B sy 41 AT S e p st AR e i, 2P e AT
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At T ARG AL, A BT IRAT T el A B X — e
ARGt B T S A R

fh it X —A> 2 0] LUE 3 846 5 W - %A 87 (Thomas
Hobbes ) FlI3A J& kP72 [, e ikh, BrA i AR TS sk —
PR, 304N A5 A 20 20 S5 09 N TR R AU P — M A AR HIL, 3R
JE KRBT —Fh ik BUAR A8 A S A A RO R R LA Z, P
g4, AT LUEE T B P A O — R . SR IS
J& b A At g A IR A A A R I A, P 8
AR, MECF IR AT EA R ALTR, BRI b, AR R ) R
A LIGE 0 TR . I, A JE RBRBT I TIESGEH, X5
TR & I i

iR K FRAW LM FENE, EREE ) — HES 5201
a0, TE{14F 2 - % £ (Bertrand Russell ) 8 4 - % /R1AFF M &
AR, P EIKNK, A ECER AR Al 9550 2 8 W) 8, &
IRAAEEIN R, BT B In) AR ol DA . A -0 4 1 32 3R I 5 ()
( Entscheidungsproblem ) B, b 7 & A1 B M 248K, X5
BT RS . R EAATE R, TR AR BCE A L
W AES RN, RZEHER R0 7 19284, AR AATE BT &
( Wilhelm Ackermann ) " 7Ei-H i — i 4 B4R SR 1o ANl “dn
FRAVHGE F AR o] LLUE S A PRV EREAD IR, FIMHE S 45 2 R IA R
AR T R, R I B T A T AT A 2R AR R
St AR, JUTRIETEB 7 — e B R F e 1!

®  —rZE R g AR, R RE DR R AT XL
AR BRPERIE . —%H T
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SR T BRI B, PR AR G TR 2R A R Y
U=,

ERrIeTiTE RIS

fE20 204, ATTEMUT R TAERE N i fEs 1755, 1%
A, T E SRS MR R seir R A 400K, ikt
R, MR BN E RS . RETUESR—TF, H
FitE M — Kk R B, B l—4RHA R
ko EAWRERMA ., Bk KRR 1 — 1
BTG, TEAEMIE R, B RBILE Sk SRR IE 4 1 4
Mo b, PSRRI ERNE—DThE
20, 1588 (M= H ). A— 870 B,
MAER MG IT, b, BA — RIA R AR
RE, KPP —RRRARE. RiEH

MBS A RILBATRRE, BRI
me-1 = -@R
17 R HERAE

ER¥ETPEN0O, 138,
mAXREEHH—ANET,

BAEE UG, FRHL CAThE) Bt A—FoeiRaE. WL, PLasfE
P B 1] P A B 2 A DU TR 5 B RHAE -
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<MEPRS, FHBINATS, 84F, BRkE>,

I AT PUCRCE B AR D TC R ARSI, B &8 ) 3l S S i e M
GRALAR AL TAERORES, T R B BT e 1R 2 h A F 5 Z AR
CESE S, Plassi e ikiaty.

A, HLAFIR Shi, AR B, RATARX R 4 RS
Soo KI5, BHEIA—0, FEARES, o X T XA P oBEE S Sk
BH:

<S()! B5 09 S|>

BUAE, PLASAETARAS,, JFEMEIERINER AR 0, T X454 S iFE
AT BN AT, HEAFORTS S,

<S,, 0, R, S>>

BAE, PLasPRREM Sz A, HELTRES, THXFAHSEFERE
ZAE AL, HEARES,:

<S,, B, 1, 8>

WAE, HLEAE TARAES,, FMBIRAT SR . PERXFRSERERAE
gy, [FIFEPRESS,:

<S3’ 1a Rv S0>
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BAE, PLASBtRE st —FE, &TRES,, JFHMBa A, WX 4%
8%, PEIRUK Gtk Ry 51

01010101010101---

Br 4R G A, RV HAL D) CRE . S AL %)
A R . AR B R AL R B A g, AT B KA Ok B
(L& RS A SRS EN R AN RN ETr . YHLER kB Bk sk
gmt e brnt, ERPLK AT L T, B2, AR A, K
ROIA2F 21T, EXMELT, KB Z — 11 5K % (partial
function ),

HWr— B2 AR S - G AW N R E R L.

A B — BB A i, R AXABONE SR R, 2N
HO. WR—A (=) EER-—DTE2HH REE, ZEGHE
— AR AT . R, AL 2, 3, sl AT AR IR R GO
EERIRAAER . AR (2t ) Bk, —MEHng
BUAASEH, aTRERY, (PR MBS AT WE T AR EA T R, ©
— a2 B A R (R REAS AT A )

Pl R i 5y — A AR A RSB XA B, Ml SGIESE 1 e
PLRAL (R A 4 %, &l a] ARG SEM AT (T A R AL ) i mT i
PEo SRIS . Maln) ml LARS B B A7 P8 R WL 45 13z A 1] RE 0 ] R AL A5 A
feo Wi, 76X 5 B RILP5ASHEE BArpLasaodiig, i Hs
PLER B ABAE S5 15 1Ei8 T, AR 23X & K R AL L Es R 1, ezl
N0, fdE i, B —GHLET DLAGEIEILR, S SBOrE. Ik
XA ROLEAAAE, A T RBEE 7 — G EUR AL, o #EHL &0
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Y HLCHRTE APERL . 5L AR A AT 05 PR R T — i i o)
WA ERE

EBFBREL

Efar B R e A ik SR R A R FH S — R ik,
ROAGESE, Egwfiifi 5 LISPRIEERE . ook, SZBFEE/RIGRIE, b
A LR JETT IR R ik U1 ek

Ji i i3 9 PR AL ( primitive recursive function ) J&=ii i & 4 sk B 4] 10
(closure ) FgthRIEIT, hZeRE. J5ak R BRI L sR BT 2 -

ERREL: fix,, o, x) =05

JakeREL. S(x)=x+1;

g#%ﬁ%ﬁ: Iﬁ(xls Tt xlc):'xnO

f%gl' T g,,#]g%@ﬁ (}J[]*EBJ‘JXE—/I\IJ’T]%)-
h(x) :f(gl(x)s i gn(x))(«

Mg FF AR ki I -

h(x, 0) = f(x),
h(x, t+1)=g(t, h(x, 1), x).
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— PR 4332k U R KO I 063 356 U o S0 Ao /I B e 0 A 475 3
M. B /MBS RIFE TR 4G ek BB 0 9 5/ S B (HTER S de /)N A
AFRATAE Do MR/ A REATFAE, IBAZPREI A 1 AR BOE o st

pral

h(x) =py(g(x, y) =0

TR g(x, y) = 0WB/IMR (RR 2T BA B/ MR ). iz ik
/MR, R4 EHE B x R BOE Lo

PR UEBH 1 — B 736 U pR BSOR P 2R T 1155 ek B8, 2R A 2 4
e RN A5 1kas AT, 20 26 pR 06 i Sk A B 170 & 2 AR BlE
SR o WA, PIRMESR A W] AL IS T 9 [ RO .

wIZESHXES

— i I ek Bt m] DU BT P 5 ok e (RS2 RR)T K/

BRI ). QR FEE S R ARVEA SR, B BB AGE I Rk, 0

RAVFTCAIEES, FATHE R AR BA0 40 R B, BRI T REAS 23458 1k

1547,

et RIS R

AR, AR S/RARE W, MAMAEE ., HEHEE )M E
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ROVMF AL, A RS (RAM) (19 HL A%
SAEN B HAB T2, #2 AE AR R 2R B TR
PRAL, R, XA AR CIERRT A L.
1946 4F, AHE/RGIE, - f TS, A
B — YRS A — AR AOR S SR T T —
XS, watEu, XMEEARZER E X
A B 8-2 R4S - BHER

H T ER AT -1 - KFEW BIBEHLF SIAFAEBREG, BT S T 3% Rk 1 —
Ry vkt HIERAFRE PR ALY iy “HE AT E——HER RO
R —RE LBELFS . (HX R INE 2L 2 B — AR Bl
SEIFFIIMEAE TR 00 FATTAT LURT RT3 St sk A ), 5Bk A
RUAER RSB F L. TR R BC L T By, DS BRix s 48
Jo, M T 4 CHA gREALFS, HAERMEEE D 1. (EH A
o, AR A B TR O A ARSI 2 2K A [ R ] REA B A 2
gRo)

TET X AR A A R I, A JC 1 e I K B ) T
AEBEDLTS . (B FATE S F mx A mas R .

010101

AT 2P A R BE . ABRBEX ARt — A A -
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0101010101010101010101010

FATH PR BERR R 238 hn . PR b K S0 R 1T, 7 A2 XA 7 91 19 T e
PEHCRT# E/MR 2 o (FRATEASIRIT L THE 1 C TRENLECE ias it
FIT A S PRt [RIRE 2 4 13 RE A &8 S 7= A R BE, AT 2 i ) LS 1 = A=
XAFEFIR T REEA 2K, RAE AR ) DT 9% RELF 51 Bl
W AT SRR, oA R AR AT, R, RADER P E
(St

B B A R G B IEREE , oA 1 8 JCBR I 80 44 Y
Bty XBES BRI (cylinder set ). 54K A n (1 4 B X 1 A
AR A AT LA R0 40 RS 55 3t 25 50 4 T () 235 SRAB LA PP 1), R3S A

(%) A AR T BT A B MRS OB 2

T 3R T PR TR -

1 BAVR AT T THEFE S 7 0 6L, Lataal, 4RT
VAR B R ALk — 37 Ep ik s it R e A AR, RANdeiX SR AR A A 2

2. NELHE LA, TTHRMEAR D 09 A R ARTR TR A AL 5] E
@ L R @ L 4 R R IL1000Kk, XA EF TE, KA
T VAR 3K e 5T AR AL R 0 SR A M R £ T 8, R JE AL
b WHAW, EMFEAFU, -, £PUAUBHTE, AU,

1 n
%M$$kfﬁjoﬁ%,ﬁm%i@&%ﬂiwﬁﬁw&ﬁ%ﬁ

7], XAHE—NFI A AL T & RMIK, €T AT R KA
A& 8 ] R,
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WERFEAN LR TXRFIINCE, B MEEE (constructive
nullset ), JCiif i ST K KBEVUF IS, I, 5T 3% KB 5]
BOE SCh— RS E I BN 5, AR TAEMEEE,

AT BRSO, FATT A — T iy 0 F 1 328 i BLK R B 55
FPAUAEREIUF SN EIEIN o  F if HERR RS AT ] nl 3 T B 751
A 1B IEHRIZF IR n D ICEBE RS, SO MR R A R

PR, ph DR 1 5 R B 4 e B S ) BT A R -

09 #7 A 3£ 4 ( continuation ),
01 &g F A3k 4,

010 &4 AT A 3E 45,
0101 o9 P A 3E 4,

WP IR — ST iR, X EEHEMZERE ST /R F
%, HE-oTRRERFS, BTl EA RS .

WEFEMBOR R, ENTMEREES, U FIEDS
T-BREEVFFIMBREET 1. ST 8RAGH, BT IEA —
AFEXT A R, - K EE S HRE S BB B A B S AT X AR A,
XY EIFGE— T AR AR Z [ H) K AR

AL BRI

FAVAE, 1 KREHA N, BT R G A Al REPE R BEALY 51
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B, SR M S SCREAILE I {007 8 e PR A By o LT
BEHILIF 51 B¢ 1 51 09 W Ja A ] R 2 F 1, Bk AN T RE Rk, (0
il HEMC AR, R L e ek KOE SCREALI: (4 0 1 2 15 22 B
2. AR TEH - R A AL SR 25 5 B 1 SR e I, (R S 91
A TR] F 3 58 S OB T 58 (0 R R R R L

A FH WG AR G oK A 5 5 B AL VE A9 A T, WD b 4 B A B
(' martingale ) IR BRRRIFF R BSIA AL TEA . FREA—JE L
BIRITEA, WS RIS—ATCF 0 LIRS 0. A SRR BT A7 WV AR AR AE 1
b, MHASRERE L, RS ARR, AR5, BTk, RIA
FUE B R BUERTRM M S 7904 RBE R, SRS, AR B
G —E B WE, MTERF SR T — oo b, MR Bt
ATLATCRRIG I, AR P 570 10 g 1l SRt A= BT Y

FATIICIT B S H B A RS, DR O AT nT IR AE 7 9 1 254
MY BV TR IR BB FRAE . el WL, Ot DGR 4 B AR 67 5
B eREL (CAP ), HITIEARZLAFH, FriL.

CAHQzémAHuUE%m+CANwUﬁ%D]

UNSR CAP R R TI055 , BB Fes) EIAY 17 R,

Bilan, R XA SO R R R0, EBATA
WEBEH 1 WUR E— 1, AR AT A W GEHR 0, B0 SR w11
TRBUE— 1 TEFSh

010101---

IF2 s AEAEFS A 00110011 - BHZAEE S 220, CAP(00) =



£ 8IR WABERIAYFI? 201

73— ABTHEX AN F S AR

AR A RAPR L AR D, SR Al TR . (R
Hid, PURSEMRE, FTLGEREOR T RA I, e A
AR, B, SR AT LU AT PR PR BN F O E T, B
AP AT R, ) B, FRATTAT AR T 2R G A n] e I SRR
P9, QRS LE A AR AT R R SN RO AR ), IR A
G EBEPLI . 19714, 5958 - Wi#/K (Claus Sohnorr ) “IESE, —4NF51
TERXFPE L E RABEILER AR, SEMCYERD T - KREIUTS.

HREFEXERN

20 t2 60 4FAR, AT B RFI% R DA — 1T 04 £ 38 ST 6 A A A
ST, T 0. 1ASE BT 000K 1A FRIFS B2k # 2w B, ]
VLl ik 9 5 R R AE AL, UG 8P BIAE S 0: R AT TRy, =
GEM 5w BRI —RR o ik AATTAT LA o ) 5 i Pl R AL A A
A RPN RGBT KB, Skl ZF b, BIFseE, JF
5B BEALERE RS . “BT/RSLEFIE R A e ML RS R R - 4T
( Gregory Chaitin ) T 1966 4E7f 7 #2 i,

(E, X SCRY BRI B8 R 1 3R AT T 6 426 A0 o P T R ML (
FWEET ). Ak, 4iRxhE A E RV AR AR, B
AR T LAGH iof G AR AH HASEHEL . BRI A R — A8, AU A
R R T A BE AL 553 R BB, WO 211 25 52 T B &> A6 095 ik
HE (ORI ), HiXA Tk EREHTFARFS, BT
PR 38 F P R AL
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FEX A H i, - RIS K (Ray Solomonoff ) i 7E T F /R 54 5F
IR RFETTRIRTIE , ARl HX R HoR AL BB LM B TR A 21k
RIBBLH R B RIE Tk AT FHKEBEKR - F/R9E (Rudolf Carnap )
TEZ AR AR — s T IR, 4R, RIEHE K IEEX TR
AR, AN RIRNEHIT R )T AR, Bkt 7R, (6 i
RN 2 S Ae okt i 5655 (universal prior ).

o T8 S e M T e PR B R Ll AR 1R =, PRIHE 15
BEA AR A, AT RLEEX AR, —2 AR, REAGER
B, — i P R AU T AR A AR R L. {5 5 a9 AL T REAR
K, itRERENERBATERE R, A, REEHERAIXE DA
HAMMEE, (AR E RS, A 0, 2AT
AR — A B0t I, FRATEREA R — G5, BJERA TS 24
S U2 SN Wi it SRR AT T

FRUE SR A A HE i S35 X DL M35 i

AAVBE Fe A F b 6 Z M A R AKE S, WA A AR
HF FAREZAXHOED, TUNHALERBARE “HEF", X
ehsit F E R A R IHONE, TAMAEGTFH L b LR
AL Keg3ay, BRARAFBECHRE L, KfEghitFmA—
T C“AEMAET,

RIEF R A REZANFME LT = Eay4g-

ER RSP, “51H” (reference, AT EMLEGEHTHEVIES )
(1) 3 B s AT X A
;5 2 i Dt - K ZEI R 1 03 AR PR a2 AR A )it



£ 8iR W FEE R LB RS

PIFR— R AR S, SR —NRGE
AT TEARR JCRRIFS . BT E 2, duit
2 ESCR AR RRR SRR R A, GORA
K LI BRBENLF S IRA A AE !

S TR R 585 1% R S 2 e CREPLIC
BRFP SRS R T, BT AR BRI Y
JRIRAE T 2R T A E 2Em . 2 h
RPN (A ) R E AR
AR R, WA R X E8-3 B FaRinX
FPRNRSRSE e, AV LA THTRRFIIMECHER. R
i, FAT T E O R R E T RL—— AT 0l I R AL, 34
AT LA AT Stn FH P R AL B9 K A RS 5 etk > 2

XHE—k, TERGF A CAFAEAR MR [, WERAFAER Bl e, X
TR n R GB A Z K2R TS T -, EEF T
S RATFORRENLYE . P, BARRBENUME R 55 59— A e . B
Fh, W RAE 1971 SRR UER 1 X SERRALT S A2 5 T — % KRBT 51

B, FORBEHLIEAS T — R, BRI, IEID T %K
B, © R - OKRFEMMER S 7D IEFME . pa i, - ok
TR T SUBRIFAIE 4 RO R B RS KB BETEHESE . i P—AKC
UL S AORE T EEOK . 2RO LIS

BENLPERAE 1L

IR BEHLPERR TIH5, FRATTH0 AT DR G A 5] i 31 3L R ff o Bl
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PLPERARAL . A2 #R8s (oracle) MIEIRHL, AT LAgE— LT %0
R R YE, WRaHE— B, AT LRIE E R PE TR S R R
(R J R I B, FRA MBS AT — 5 B AT s 25 A P R AL AT LAk
SEAT AT P RALAIASHLIIEL, X & BRI TR AR s T HAEfT— 5 1
Rile X8R, TAREAEA iR 25 0 RPLAEEPLRE, HEe S
BFE

BTk, AT DB AF AR RE Mk 26 R AL E AFHLIN R
i ngr, MMTEE th— RT3 RE ) o R R AL AN, FlAL
J 31 4 K1 5 A ot SOk B A%, o B T 3R SR B AL A1 1 Rl P
PE, SEA AR AT LU AL ] ) P R AL I Y 2 AL
PAULEHE . N+ 1 BENLT S A% A5 T NRBEYLF 1.

S —J i, R REALE I TSR LABR ], AT LATS B0 AL
S EEALYE . S H AR AR Wik K 3R BUTT AT 1350 U
AR AT E RS, RO AT AR R R B S & 55 . A — b PEEHL
PR A A2 Z Wi ] (polynomial time ) By AIFEE, X5 1 3Cdie
HFEAEH AL, PRBENLT 5 BA BT 9 1 2R LAAS TR i 7
APRBITFE TR, &R AT LA 20855 A BEAL M . AR IRAT I R A i A —
TR AR O T R IE T, MR SRR IS el al LU Fefr T H 3t
—N A BR84S0 E

X% LB FIAE & IR R i ok A1 - K3, Al L —FhE
WICIF (I BEAILIT 51 (Ml i iSRS AEE ) kA, &l s —Rhaibe R
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AR, R, KEBHAEIARE, DRI H . BT
BN BE AR — DR TR, AERURE NS RAER T, X e
AW .

BT 5 T 98 KA Nl TG, St — A% Al R B
PUFFIRES, FrUARMTBAE T LA —F, 1 RZERTHIRE I H A7 W
e o) RV AR o [OOSR iR AT , FRATTIAE R LA S A 35 A (4l
BT ) SER AR - OREEITE G OMERIE 1. RS, ARIEIEE W RIBTIE,
] A A R RS TR N S B ORFEITAR S BB R
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EXE, HREIFREINENE- - Bt RN Ak
Pt ROBEZFE; HEZIFERIER (Diogenes ). [
ABsERE Xl ( Anaxagoras ), X EZE#Er (Thales ). 2
152 5%# (Empedocles ). izt ( Heraclitus ). =

% (Zeno),

— ((#@h - #RER ) EUFR, BT (Dante)




FA X A PREA AR RE AR, AR MABT E 3R b
BLETHES o 31X A 50 0F @1 B 2 F A SO ARORS Y A PRIt = A= 1R
AT, XA =8 C e iIAal . el ERN )G,
XA AR SN B BE . AN ERIR AT IR A 41X S, IR e
FHAR AT 7 2 A Ak B A ABE <

I7T314F, JHER - (A FIRSEBOE UKD J)2F B A REal . A
Sz BRI AR, RS B TR IR T X SR F I R, AR
i LR TR B AE . A AU Bl N3 DRI LI Fr s LA X
AHEASM AT, o n] LS 330 A 1 7R LR 2 s AR s A gy
P SCRAE R BRI AR CR PR R A NEZ 5, B e S5/
K2 A LR -

KA L BIR
FENCE X ST O TP
B oA 3 S )

TRAEIFEMATRETFT R4 A,
BT AEFRF AR EH L%
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| 10 SR ERgERE

ARMNBEERE e ER T
T#A @, WAtk
CAEIESH R RE TARLETHIES,
— (k) B, SRS

U, AR SR Se A fb iR AR 1 T B Al i — 2R 5E 36
AARER: fEREAZMNEOT, TN SWBE L. 1A, filid f
HUX ZRE N TR AR 27 A i 22 . R s e — L&
A, i HARGERER, HEAE S HrE AR BIBERE. fERE— E
B EYE RGN, GUit e s ABER, AR5 TR b A R
{EU, BUEARRERER), ARARERA PRI T a7 XESET
1 mis R EEA T G Z—

,ﬂﬁgﬁﬁ

BERIE RARVEA T BIEAEA - PURZZ 2T, HEF-H
ATEA . PR %% % i iR B, R K - 97 B (Rdolf
Chausius ) 2, FEARAR R AW NG9 2800 225 — e/, T
TRE. AR B — A T, B A R BADRG AR B BRI
BRURAI L 2Z 0] A B BRAR S 2R BE 2 (0], AR A5l e A sl . el
AT B ] £6 g 27 Bt A58 — e A T AR R E, (H 18724
YRGS A& il (Maxwell ) T 1867442 i i) 70 IR MR B¢, UEW]
T HER, i H R BB ] B, AR AR IR R SO T
oA Z IS RFEAE . W —kH, BH 52 E5IER
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R A — RS AT AR

AN T AR PR E 32 B TS SR Pk S — A PRk B
187647, JEAEEFR - KM% (Josef Loschmidt ) 7E— 3% 8 & 24 F it
R, SR, IR REA Y A1 A e i ELAT e ] S AR
{USEX S SE AR T REUE AR L s 1N . AR I2E B T, MR RS
AT LA 1, B R BRS80S U S RS, 3% o, B 220 A b1 3
B, SSRGS R A A AR

1893 4F, 1% ilh 25 5 Ao Ml ) AT S ME S DR B T — A “B A" —— @
PES I, 18964, BUMHF - S AgI% (Ernst Zermelo ) I 5 ) - P3¢
FBGS R, RSO TR AT RE . T ILTERTA Y
MIRE, REBRAEESEE (EEELT) MERE. dTEEMES
)R EESE R, RIS A ST R T B R HR{E .

BEZAT, WRESCAUEN THEM, Hik, F—BatER,
P R — IR R IE ST R, H o BLELAT s RS R
R E T3 F IR TG B e LA B (e A X Bl o B AR 8 AR o 7 il
i BT RA TSI, 22 ST B R 2% 2 LT A gk A BRI A AT 1)
R, AHJE, XAMBBES E R ] R A S . SRR S A A S
AR PR Z f5, 80T AR R 2 0 Jd b iy . oy FIRTE R A
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1. Echoed by Cicero in De Natura.

2. A superb history of early probability is in James Franklin’s The Science of Conjecture: Ev-
idence and Probabulity before Pascal (Baltimore: Johns Hopkins University Press, 2002). Franklin
examines every scrap of evidence we have, from the Talmud, early Roman law, and insurance
over many ethnicities. He makes it clear that people had all sorts of thoughts about chance, but
not a single quantitative aspect surfaces.

3. The same issues come up in measuring any basic quantity, for example, the weight
of the standard kilogram or the frequency of light. Careful discussion is the domain of
measurement theory. For an extensive discussion, see D. H. Krantz, R. D. Luce, P. Suppes,
and A. Tversky, Foundations of Measurement, Vol. I (1971), Vol II (1989), Vol III (1990), (New
York: Academic Press). For an illuminating discussion of how the Bureau of Standards actu-
ally measures the standard kilogram, see D. Freedman, R. Pisani, and R. Purves, Statistics, 4th
ed. (New York: W. W. Norton, 2007).

4. For discussion, see S. Stigler, Seven Pillars of Statistical Wisdom (Cambridge, MA: Har-
vard University Press, 2016).

5. This kind of virtuous circularity appears throughout science. For an illustration in a
much richer setting, see George E. Smith, “Closing the Loop: Testing Newtonian Gravity,
Then and Now,” in Newton and Empiricism, ed. Zvi Beiner and Eric Schliesser (Oxford: Ox-
ford University Press, 2014): 262-351.

6. Written about 1564 but published only posthumously. See O. Ore, Cardano, the
Gambling Scholar (Princeton: Princeton University Press, 1953), for translation and
commentary.

7. Our chapter 7. There are a lot of connections between the early gambling literature
and the foundations of probability. See D. Bellhouse, “The Role of Roguery in the History of
Probability,” Statistical Science 8 (1993): 410-20.

8. See appendix 1.

9. Fermat sees this clearly, but Pascal seems to have either made a mistake or misidenti-
fied the problem. See appendix 1.

10. Known in India since the second century BCE. For more of the history, see A. Edwards,
Pascal’s Arithmetical Triangle: The Story of a Mathematical Idea (Baltimore: Johns Hopkins Uni-
versity Press, 2002).

11. For more on Huygens, see S. Stigler, “Chance Is 350 Years Old,” Chance 20 (2007):
33-36.
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12. Isaac Newton had a copy and made notes, which can be found in D. T. Whiteside, ed.,
The Mathematical Papers of Isaac Newton, Volume 1 (Cambridge: Cambridge University Press,
1967). Thanks to Stephen Stigler for the reference.

13. Incidentally, Newton, one of the great mathematicians of all time, had poor proba-
bilistic skills. See S. Stigler, “Issac Newton as a Probabilist,” Statistical Science 21 (2004):
400-403.

14. Translated with extensive commentary by Edith Dudley Sylla as The Art of Conjectur-
ing, Together with a Letter to a Friend on Sets in Court Tennis (Baltimore: Johns Hopkins Univer-
sity Press, 2006).

15. T. Gilovitch, R. Vallone, and A. Tversky, “The Hot Hand in Basketball: On the Misper-
ception of Random,” Cognitive Psychology 17 (1985): 295-314.

16. Joseph Keller, “The Probability of Heads,” American Mathematical Monthly 93 (1986):
191-97.

17. P. Diaconis, S. Holmes, and R. Montgomery, “Dynamical Bias in the Coin Toss,” Szam
Review 49 (2007): 211-35.

18. D. Bayer and P. Diaconis, “Tracking the Dovetail Shuffle to Its Lair,” Annals of Applied
Probability 2 (1992): 294-313.

19. Quoted from the translation of Sylla, 327.

20. P. Diaconis and F. Mosteller, “Methods for Studying Coincidences,” Journal of the
American Statistical Association 84 (1989): 853-61.

21. P. Diaconis and S. Holmes, “A Bayesian Peck into Feller, Volume 1,” Sankhya 64 (2002):
820-41.

E2i%

1. Leibniz thought that, given the evidence, these probabilities would be determined by
logic. This was the position taken by J. M. Keynes in the early twentieth century in his Treatise
on Probability (London: Macmillan, 1921). It was effectively criticized by Frank Ramsey, who
put forward a judgmental (personalist, subjective) interpretation in 1926, “Truth and Prob-
ability,” in Frank Ramsey, The Foundations of Mathematics and Other Logical Essays, Ch. VII, ed.
by R. B. Braithwaite (London: Kegan, Paul, Trench, Trubner & Co., New York: Harcourt, Brace
and Company, 1931): 156-98.

2. Paul W. Rhode and Koleman Strumpf, “The Long History of Political Betting Markets:
An International Perspective,” Oxford Handbooks Online (Oxford: Oxford University Press,
2013).

3. There are many further instances of probability in the real world that can serve as sub-
stitutes for betting. David Aldous’ marvelous online book On Chance and Uncertainty is our
top recommendation. He has many further pointers.

4. L.]. Savage, The Foundations of Statistics (New York: Wiley, 1954).

5. For those who are concerned about infinite spaces, there is a completely analogous ar-
gument for countable additivity using a countably infinite number of bets. See E. Adams,
“On Rational Betting Systems,” Archiv fiir mathematische Logik und Grundlagenforschung 6
(1962): 7-29. Is it legitimate to use a countable number of bets? This is controversial. De Finetti
thought not. For further discussion, see B. Skyrms, “Strict Coherence, Sigma Coherence and
the Metaphysics of Quantity,” Philosophical Studies 77 (1995): 39-55. Reprinted in Skyrms, From
Zeno to Arbitrage (Oxford: Oxford University Press, 2012).

6. Conditional probabilities explain much of the pragmatics of indicative conditional con-
structions—If Mary is lying, then Samantha is guilty—in natural language. See E. Adams,
The Logic of Conditionals: An Application of Probability to Deductive Logic, Synthese Library 86



(Dordrecht, Holland: Reidel, 1975). You may consider whether the ensuing discussion pro-
vides a rationale.

7. Communicated by Paul Teller, “Conditionalization and Observation,” Synthese 26 (1973):
218-58.

8. The case where P(A |e) <P,(A) is similar.

9. Let’s work it out: Suppose e doesn’t happen. Then only the bets from the first day count.
The bookie paid out fair prices for the 3 bets, respectively:

1. $P (A and ¢),
2. (1- P(e)) $P(A|e)=$P(A |e)—P(A and e),
3. &P(e).

He loses bets 1 and 3 but wins bet 2 and collects $P(A |e).

Adding it up, the bookie loses $5P(e).

Suppose e does happen. Then the second transaction is made. We buy back the bet on A
from the bookie. He gets

$P(Ale)- 6.

It now makes no difference whether A happens or not. But the bookie has won bet 3 and

so gets
$0.

Adding it up, the bookie loses $5P(e), as before.

10. David Freedman and Roger Purves, Annals of Mathematical Statistics 40 (1969): 1177-86.

11. Richard Jeffrey (1965), The Logic of Decision, 3rd rev. ed. (New York: McGraw-Hill; Chi-
cago: University of Chicago Press, 1983).

12. See P. Diaconis and S. Zabell, “Updating Subjective Probability,” Journal of the Ameri-
can Statistical Association 77 (1982): 822-30.

13. B. Skyrms, “Dynamic Coherence and Probability Kinematics,” Philosophy of Science 54
(1987): 1-20. Reprinted in B. Skyrms, From Zeno to Arbitrage (New York and London: Oxford
University Press, 2012).

14. See B. Skyrms, The Dynamics of Rational Deliberation (Cambridge, MA: Harvard Uni-
versity Press, 1990) and “Diachronic Coherence and Radical Probabilism,” Philosophy of Sci-
ence 73 (2006): 959-68. Reprinted in B. Skyrms. From Zeno to Arbitrage (New York and Lon-
don: Oxford University Press, 2012).

15. B. de Finetti (1974), Theory of Probability, tr. A. Machi and A. Smith (New York: Wiley,
1999).

16. There is another motivation as well, based on incentives to reveal one’s true probabilities.

17. Also known as mixtures, or convex combinations.

18. See A. H. Murphy and R. M. Winkler, “Probability Forecasting in Meteorology,” Journal
of the American Statistical Association (1984): 489-500, and L. J. Savage, “Elicitation of Personal
Probabilities and Expectations,” Journal of the American Statistical Association 66 (1971): 783-801,
respectively.

19. This is called convexity.

20. “Correspondence of Nicholas Bernoulli concerning the St. Petersburg Game,” tr.
from Richard J. Pullskamp, Die Werke von Jacob Bernoulli Band 3 K9, Xavier University (2013).
Posted at  http://cerebro.xu.edu/math/Sources/NBernoulli/correspondence_petersburg
game.pdf.

21. On either of these suggestions, one can recreate the problem, but postulating prizes that
grow fast enough as pointed out by Karl Menger in 1934: K. Menger, “The Role of Uncertainty
in Economics,” in Martin Shubik, ed., Essays tn Mathematical Economics in Honor of Oskar Mor-
genstern (Princeton: Princeton University Press, 1934; 1966).

22. D. Bernoulli (1783), tr. L. Sommer as “Exposition of a New Theory on the Measure-
ment of Risk,” Econometrica 22 (1954): 22-36.

281



282

| 10 ZREHER

23. The St. Petersburg game continues to be provocative, and there are many perspectives
on it. For more, we suggest you look at R. J. Aumann, “The St. Petersburg Paradox: A Discus-
sion of Some Recent Comments,” Journal of Economic Theory 14 (1977): 443-45, and P. Samu-
elson, “The St. Petersburg Paradox: Defanged, Dissected and Historically Described,” Journal
of Economic Literature 15 (1977): 24-55.

24. J. von Neumann and O. Morgenstern, Theory of Games and Economic Bebavior (Princ-
eton: Princeton University Press, 1944).

25. F. ]. Anscombe and R. J. Aumann, “A Definition of Subjective Probability,” Annals of
Mathematical Statistics 34 (1964): 199-205.

26. F. P. Ramsey, “Truth and Probability” in The Foundations of Mathematics and Other Logi-
cal Essays (London: Routledge and Kegan Paul, 1931): 156-98.

27. L.]. Savage, The Foundations of Statistics (New York: Wiley, 1954).

28. See Richard Jeffrey and Michael Hendrickson, “Probabilizing Pathology,” Proceedings of
the Aristotelian Society (1989): 211-26. DOI: http:/dx.doi.org/10.1093/aristotelian/89.1.211.

29. B. Skyrms, “Dynamic Coherence and Probability Kinematics,” Philosophy of Science 54
(1987): 1-20. Reprinted in B. Skyrms, From Zeno to Arbitrage (New York and London: Oxford
University Press, 2012).

B3R

1. We cannot help but remark that people have systematic problems with deduction as
well. Some deviations from correct logic are common enough to have become named falla-
cies. There are problems with conditionals and quantifiers. Students often become confused
when dealing with Aristotelian syllogisms. For many examples, and one psychological theory
designed to explain them, see P. Johnson-Laird and R. Byrne, Deduction (Mahwah, NJ: Erl-
baum, 1991).

2. D. Laibson and R. Zeckhauser, “Amos Tversky and the Ascent of Behavioral Econom-
ics,” Journal of Risk and Uncertainty 16 (1998): 7-47.

3. See, for instance, J. Liebman and R. Zeckhauser, “Simple Humans, Complex Insurance,
Simple Subsidies,” NBER working paper 14330 (Cambridge, MA: National Bureau of Eco-
nomic Research, 2008).

4. See M. Allais, “Le comportement de I'homme rationnel devant le risque: critique des
postulats et axiomes de I'’école Américaine,” Econometrica 21 no. 4 (1953): 503-46.

S. Paul Samuelson and Kenneth Arrow, for instance, made choices consistent with ex-
pected utility theory.

6. D. Ellsberg, “Risk, Ambiguity and the Savage Axioms,” Quarterly Journal of Economics 75
(1961): 643-69.

7. If you don’t know what the Pentagon papers are, you should find out.

8. J. M. Keynes, A Treatise on Probability (London: Macmillan, 1921).

9. F. H. Knight, Risk Uncertainty and Profit (Boston: Houghton Mifflin, 1921).

10. J. S. Mill, A System of Logic: Ratiocinative and Inductive (London: Harrison, 1843).

11. A. Tversky and D. Kahneman, “Judgment under Uncertainty: Heuristics and Biases,”
Science 185 (1974): 1124-31.

12. D. Kahneman, Thinking Fast and Slow (New York: Farrar, Strauss and Giroux, 2011). The
two-process view that animates this enjoyable book should be seen as a deliberate oversimpli-
fication, and we recommend that the interested reader also consult the original papers.

13. D. Kahneman and A. Tversky, “Choices, Values and Frames,” American Psychologist 39
(1984): 341-50.



3 B 283

14. B. J. McNeil, S. J. Pauker, H. C. Sox Jr., and A. Tversky, “On the Elicitation of Prefer-
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15. But it is worth mentioning that in the limit, as s tends to 1, there are sets for which the
limit doesn’t exist.

16. A. N. Kolmogorov, “Algtbres de Boole métriques completes,” Zjazd Matematykow
Polskich. Appendix to the Annals of the Polish Society of Mathematicians 20 (1948): 21-30.
Translated by R. Jeffrey as “Complete Metric Boolean Algebras,” Phtlosophical Studies 77 (1995):
57-66.

17. A. N. Kolmogorov, “On Tables of Random Numbers,” Sankbya 25 (1963): 369-75.

18. Fourth century BCE.

19. G. Vitali, Sul problema della misura dei gruppi di punti di una retta (Bologna: Gamberini
e Parneggiani, 1965).

20. This is called “translation invariance.”

21. Nonmeasurable in the senses of Borel and of Lebesgue.

22. F. Hausdorff, Grundziige der Mengenlebre (Leipzig: Veit., 1914).

23. S. Banach and A. Tarski, “Sur la décomposition des ensembles de points en parties re-
spectivement congruentes,” Fundamenta Mathematicae 6 (1924): 244-77.

24. S. Banach and C. Kuratowski, “Sur une généralisation du probleme de la mesure,” Fuzn-
damenta Mathematicae S no. 14 (1929): 127ft.

% 6%

1. T. Bayes, “An Essay towards solving a Problem in the Doctrine of Chances,” Philosoph:-
cal Transactions of the Royal Society 53 (1763): 370-418.

2. S. Stigler, “True Title of Bayes’ Essay,” Statistical Science 28 (2013): 283-88.

3. Quoted in Raynor, “Hume’s Knowledge of Bayes’s Theorem,” Phtlosophical Studies 38
(1980): 105-6.



4. In statistical jargon, the chance of seeing j successes out of n, (7) x/ (1-x)"/ is called
the likelihood. One natural choice of prior has the same form with j and 7 -j now replaced
by two parameters, -1 and -1, with @ and f positive numbers. This is now thought of as
a function of x and normalized so that it integrates to 1. This is called a f prior (with param-
eters aand g).

5. P. Diaconis and D. Ylvisaker, “Quantifying Prior Opinion,” in J. M. Bernardo, M. H.
Degroot, D. V. Lindley, A. F. M. Smith, eds., Bayesian Statistics 2: Proceedings of the Second
Valencia International Meeting (North-Holland-Amsterdam: Elsevier, 1985): 133-56.

6. P. Diaconis and D. Freedman, “On the Consistency of Bayes Estimates,” Annals of Sta-
trstics 14 (1986): 1-26.

7. Open Science Collaboration, “Estimating the Reproducibility of Psychological Science,”
Science 28 Aug. 2015, Vol. 349 Issue 6251. DOI: 10.1126/science.aac4716.

8. J.P.A. loannidis, “Why Most Published Research Findings Are False,” PLoS Medicine 2
no. 8 (2005): e124.

9. C. Glenn Begley and Lee M. Ellis, “Drug Development: Raise Standards for Preclinical
Research,” Nature 483 (2012): 531-33. DOI: 10.1038/483531a.

10. loannidis (2005), 0696.

11. H. Pashler and C. Harris, “Is the Replicability Crisis Overblown? Three Arguments Ex-
amined,” Perspecttves on Psychological Science 7 (2012): 531-36. DOI: 10.1177/1745691612463401.

12. There is an interactive p-hacking app on Nate Silver’s blog that you might like to try:
http:/fivethirtyeight.com/features/science-isnt-broken/#part2.

13. See S. L. Zabell, “Commentary on Alan M. Turing: The Applications of Probability to
Cryptography,” Cryptologia 36 no. 3 (2012): 191-214.
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cal Statistics, 1988) [free online at Project Euclid of the IMS] is also highly recommended.

20. For the amazing story of Dorothy Wrinch, see D. Senechal, I Died for Beauty: Dorothy
Wrinch and the Cultures of Science (New York: Oxford University Press, 2012). For the joint work
of Jeffreys and Wrinch: “On Some Aspects of the Theory of Probability,” Philosophical Magazine
38 (1919): 715-31; “On Certain Fundamental Principles of Scientific Inquiry,” Philosophical
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et al., eds, Exploring Data Tables Trends and Shapes (New York: Wiley, 1985); and P. Diaconis,
“A Place for Philosophy? The Rise of Modeling in Statistics,” Quarterly Journal of Applied
Mathematics 56 (1998): 797-805.
25. D. Cox, Principles of Statistical Inference (New York: Cambridge University Press, 2006).
26. See P. Diaconis, “Theories of Data Analysis, From Magical Thinking to Mathematical
Statistics,” in D. C. Hoaglin et al., ed., Exploring Data Tables Trends and Shapes (New York: Wiley,
1985).

B7iR

1. New York: Wiley, 1972.

2. “La Prévision: ses lois logiques, ses sources subjectives,” Annales de I'Institut Henri Poin-
caré (1937), tr. as “Foresight: Its Logical Laws, Its Subjective Sources,” in H. E. Kyburg and H.
E. Smokler, eds., Studies in Subjective Probability (New York: Wiley): 196.

3. Bruno de Finetti, “Sur la condition d’équivalence partielle,” Actualités scientifiques
et Industrielles 739 (Hermann & Cie, 1938). Translated as “On the Condition of Partial Ex-
changeability” by P. Benacerraf and R. Jeffrey in Studies in Inductive Logic and Probability II,
ed. R. Jeffrey (Berkeley: University of California Press, 1980): 193-205.

4. A detailed commentary in modern language is in S. Bacallando, P. Diaconis, and
S. Holmes, “De Finetti’s Priors Using Markov Chain Monte Carlo Computations,” Statistics and
Computing 25, no. 4 (2015): 797-808.

5. See P. Diaconis, “Finite Forms of de Finetti’s Theorem,” Synthese (1977): 271-81.

6. Itis called nonparametric Bayesian statistics. See J. K. Ghosh and R. V. Ramamoorthy,
Bayesian Non-Parametrics (Berlin: Springer, 2003) for a textbook account.

7. For more, see P. Diaconis and D. Freedman, “Partial Exchangeability and Sufficiency,”
in Statistics: Applications and New Directions (Calcutta: Indian Statistical Institute, 1981), and
O. Kallenberg, Probabilistic Symmetries and Invartance Principles (Berlin: Springer, 2005).

8. D. Freedman, “Mixtures of Markov Processes,” Annals of Mathematical Statistics 2
(1962): 615-29.

9. P. Diaconis and D. Freedman, “de Finetti’s Theorem for Markov Chains,” Annals of
Probability 8 (1980): 115-30.

10. B. de Finetti, “Sur la condition d’équivalence partielle,” Actualités scientifiques et Indus-
trielles 739 (Hermann & Cie, 1938). Translated as “On the Condition of Partial Exchangeabil-
ity” by P. Benacerraf and R. Jeffrey in Studies tn Inductive Logic and Probability II, ed. R. Jeffrey
(Berkeley: University of California Press, 1980): 193-205.

11. G. Birkhoff, “Proof of the Ergodic Theorem,” Proceedings of the National Academy of Sci-
ences of the USA 17 (1931): 656-60.

12. H. Weyl, Symmetry (Princeton: Princeton University Press, 1952).

13. See D. Freedman, “Invariants under Mixing which Generalize de Finetti’s Theorem,”
Annals of Mathematical Statistics 33 (1962): 916-23.

B8R

1. G. Marsaglia, “Random Numbers Fall Mainly in the Planes,” Proceedings of the National
Academy of Sciences of the USA 61 (1968): 25-28.
2. D. Knuth, The Art of Computer Programming v. Il (Reading, MA: Addison Wesley, 1973).



T B 287

3. M. Matsumoto and T. Nishimura, “Mersenne Twister: a 623-dimensionally Equidistrib-
uted Uniform Pseudo-random Number Generator,” ACM Transactions on Modeling and Com-
puter Stmulation 8 (1998): 3-30.

4. “Coin Tossing Computers Found to Show Subtle Bias,” New York Times, Jan. 12,
1993.

5. W. Press, S. A. Terkolsky, W. T. Vetterling, and B. P. Flannery, Numerical Recipes: The
Art of Scientific Computing, 3rd ed. (Cambridge: Cambridge University Press, 1987).

6. M. Blum and S. Micali, “How to Generate Cryptographically Strong Sequences of Pseu-
dorandom Bits,” SIAM Journal on Computing 13 (1984): 850-64.

7. P. Martin-Lof, “The Definition of Random Sequences,” Information and Control 9
(1966): 602-19.

8. Notably Fréchet.

9. A. Wald, “Die Widerspruchsfreiheit des Kollektiv begriffes der Wahrscheinlichkeitsrech-
nung,” Ergebniss eines mathematischen Kolloquiums 8 (1937): 38-72.

10. A. Church, “On the Concept of a Random Sequence,” Bulletin of the American Mathemati-
cal Society 40 (1940): 254-60.

11. R. von Mises, Probability, Statistics and Truth (London: Macmillan, 1939).

12. ]. Ville, Etude critique de la notion de collectif, Monographies des Probabilités 3 (Paris:
Gauthier-Villars, 1939).

13. P. Martin-Lof, “The Definition of Random Sequences,” Information and Control 9 (1966):
602-19.

14. D. Hilbert and W. Ackermann, Grundziige der theoretischen Logtk (Berlin: Springer,
1928).

15. A. Church, “An Unsolvable Problem of Elementary Number Theory,” American Journal
of Mathematics 58 (1936): 345-63. A. Turing, “On Computable Numbers, with an Application
to the Entscheidungsproblem,” Proceedings of the London Mathematical Society Series 2, 42
(1937): 230-65.

16. A. A. Markov, The Theory of Algorithms, American Mathematical Society Translations,
series 2, 15 (1960): 1-14.

17. K. Godel (1946), “Remarks before the Princeton Bicentenial Conference on Problems
in Mathematics,” in Collected Works v. II, ed. S. Feferman (New York: Oxford University Press,
1990): 150.

18. In fact, Martin-Lof shows that there is a universal test such that if a sequence passes it,
it passes all tests.

19. C. P. Schnorr, Zufilligkeit und Wahrscheinlechkeit: Eine algorithmische Begrtindung der
Wabhrscheinlichkeitstheorie (Berlin: Springer, 1971).

20. A. N. Kolmogorov, “On Tables of Random Numbers,” Sankhya, The Indian Journal of
Statistics Ser. A 25 (1963): 369-76.

21. G. J. Chaitin, “On the Length of Programs for Computing Finite Binary Sequences:
Statistical Considerations,” Journal of the Assoctation for Computing Machinery 16 (1966):
407-22.

22. R.]. Solomonoff, “A Preliminary Report on a General Theory of Inductive Inference,”
Technical Report ZTB-138 (Cambridge, MA: Zator, 1960) and “A Formal Theory of Inductive
Inference Parts [ and 11,” Information and Control 7 (1964): 1-22 and 224-54.

23. R. J. Solomonoff, “Algorithmic Probability—Its Discovery—Its Properties and Appli-
cation to Strong AL” chapter 11 in Hector Zenil, ed., Randomness through Computation (Singa-
pore: World Scientific, 2011): 149-57.

24. L. Levin, “On the Notion of a Random Sequence,” Soviet Mathematics Doklady 14 (1973):
1413-16.

25. G. J. Chaitin, “A Theory of Program Size Formally Identical to Information Theory,”
Journal of the Association for Computing Machinery 22 (1975): 329-40.



288

| 10 2REHRIE

F9iR

1. L. Boltzmann, “Weitere Studien tber das Warmegleichgewicht unter Gasmolekin,”
Sitzungberichte der Akademie der Wissenschaften zu Wien, mathematischnaturwissenschaftliche
Klasse 66 (1872): 275-370. Tr. in S. G. Brush, The Kinetic Theory of Gases (London: Imperial Col-
lege Press, 2003).

2. J. Loschmidt, “Uber den Zustand des Warmgleichgewichtes eines Systemes von Kor-
pern mit Rucksicht auf die Schwerkraft,” Sitzungberichte der Akademie der Wissenschaften zu
Wien, mathematisch-naturwissenschaftliche Klasse 73 (1876): 128-42.

3. E. Zermelo, “Uber enien Satz der Dynamik und die mechanische Warmetheorie,” An-
nalen der Physik 57 (1896): 485-94. English translation in Brush (2003): 382-91.

4. H. Poincaré, “Sur le probleme des trois corps et les équations de la dynamique,” Acta
Mathematica 13 (1890): 1-270. Partial English translation in Brush (2003): 368-76.

5. P. Ehrenfest and T. Ehrenfest-Afanassjewa, The Conceptual Foundations of the Statistical
Approach in Mechanics (Ithaca: Cornell University Press, 1959); translation of “Begriffliche
Grundlagen der statistischen Auffassung in der Mechanik,” Encyklopadie der mathematischen
Wissenschaften, Volume 1V/2/11/6 (Leipzig: B. G. Teubner, 1912).

6. M. Kac, “Random Walk and the Theory of Brownian Motion,” American Mathematical
Monthly 54 (1947): 369-91.

7. This is Jaynes’ “maximum entropy” approach applied to this toy problem. For Jaynes
on statistical mechanics, see E. T. Jaynes, “Information Theory and Statistical Mechanics,”
Physical Review 106 no. 4 (1967): 620-30, and “Information Theory and Statistical Mechan-
ics I1,” Physical Review 108 no. 2: 171-90.

8. See P. Diaconis and M. Shahshahani, “Time to Reach Sationarity in the Bernoulli-
Laplace Diffusion Model,” Siam Journal of Mathematical Analysis 18 (1987): 202-18.

9. Or arbitrarily close to every point in phase space.

10. Iterating the transformation gives a semigroup of transformations if an initial time is
presupposed or a group if time is infinite in past and future.

11. More precisely, that is to say that the symmetric difference between s and T'(s) has mea-
sure zero.

12. Lebesgue measure on the phase space restricted to a constant-energy hypersurface.

13. Liouville’s theorem.

14. Ya. G. Sinai, “On the Foundation of the Ergodic Hypothesis for a Dynamical System of
Statistical Mechanics,” Soviet Mathematics Doklady 4 (1963): 1818-22.

15. Ya. G. Sinai and N. I. Chernov, “Ergodic Properties of Certain Systems of 2-D Discs
and 3-D Balls,” Russtan Mathematical Surveys 42 (1987): 181-207.

16. English translation by A. R. Fuller (London: Taylor and Francis, 1992).

17. See E. Engel, A Road to Randomness tn Physical Systems, Lecture Notes in Statistics 71
(Berlin: Springer, 1992).

18. Some dynamical systems can be proved to be mixing. E. Hopf used such proofs to jus-
tify the usual assumptions of independent repeated trials. See Engle, cited in the previous
note, for an account.

19. For more on these topics, see D. Ornstein, Ergodic Theory, Randomness and Dynamical
Systems, Yale Mathematical Monographs 5 (New Haven: Yale University Press, 1974) and D.
Ornstein and B. Weiss, “Statistical Properties of Chaotic Systems,” Bulletin of the American
Mathematical Society 24 (1991): 11-116.

20. D. Szitz, “Boltzmann’s Ergodic Hypothesis: A Conjecture for Centuries?” Mathemati-
cal Institute of the Hungarian Academy of Sciences (Budapest, Hungary, 1994).

21. For an invitation to think subjectively about quantum mechanics from a mainstream
physicist, see D. Mermin, “Quantum Mechanics: Fixing the Shifty Split,” 65 (2012): 12 (http:/
dx.doi.org/10.1063/PT.3.1618), which contains further references.



P 2

22. The interpretation of quantum mechanics has generated a huge philosophical literature,
which has little to do with its applications. Theories that are metaphysically quite different
aim at producing the very same probabilities of outcome conditional on measurement per-
formed. As Mermin says, “New interpretations appear every year; none ever seems to disap-
pear.” (See note 21.)

23. Two good introductory accounts of quantum mechanics are L. Susskind and A. Fried-
man, Quantum Mechanics: The Theoretical Minimum (New York: Basic Books, 2014), and D.
Griffiths, Introduction to Quantum Mechanics, 2d ed. (New York: Prentice Hall, 2004). For a
friendly account with pointers to the philosophical literature see R.I.G. Hughes, The Struc-
ture and Interpretation of Quantum Mechanics (Cambridge, MA: Harvard University Press,
1992).

24. A. Einstein, B. Podolsky, and N. Rosen, “Can Quantum-Mechanical Description of Phys-
ical Reality Be Considered Complete?” Physical Review 47 (1935): 777-80.

25. J. S. Bell, “On the Einstein-Podolsky-Rosen Paradox,” Physics 1 (1964): 195-200. Re-
printed in J. S. Bell, Speakable and Unspeakable in Quantum Mechanics (Cambridge: Cam-
bridge University Press, 2004): 14-21.

26. A singlet state.

27. Starting with A. Aspect, J. Dalibard, and G. Roger, “Experimental Test of Bell’s In-
equalities Using Time-Varying Analyzers,” Physical Review Letters 49 (1982): 1804-7.

28. W. Tittel, J. Brendel, H. Zbinden, and N. Gisin, “Violation of Bell Inequalities by Pho-
tons More Than 10 km Apart,” Physical Review Letters 81 (1998): 3563—66.

29. G. Weihs, T. Jennewein, C. Simon, H. Weinfurter, and A. Zeilinger, “Violation of Bell’s
Inequality under Strict Einstein Locality Conditions,” Physical Review Letters (1998): 5039—43.

30. For discussion of how the experiments close loopholes, see the Scholarpedia article
on Bell’s theorem, by S. Goldstein, T. Norsen, D. V. Tausk, and N. Zanghi, doi:10.4249/
scholarpedia.8378, and the Stanford Encyclopedia of Philosophy articles by A. Shimony
and by A. Fine.

31. This is not to say that it is impossible to have a deterministic hidden variable theory
that recovers the quantum probabilities. Such theories exist. But they do not recover the
locality that was Einstein, Podolsky, and Rosen’s original motivation for considering them.
See D. Bohm, “A Suggested Interpretation of the Quantum Theory in Terms of ‘Hidden’
Variables, I and I1,” Physical Review 85 (1952): 166-79, 180-93. In Bohmian mechanics, the
underlying physical process is deterministic, and the quantum mechanical probabilites are
purely epistemic. We will return to this in the appendix.

32. The study of how quantum mechanical systems behave in an environment in which
their classical counterparts are chaotic was dubbed quantum chaology in M. V. Berry, “The
Bakerian Lecture 1987: Quantum Chaology,” Proceedings of the Royal Society of London. Sertes
A, Mathematical and Physical Sciences 413 (1987): 183-98.

33. L. A. Bunimovich, “On the Ergodic Properties of Nowhere Dispersing Billiards,” Com-
munications Mathematical Physics 65 (1979): 295-312.

34. To even state it correctly requires more machinery than we have in this book. For a re-
view article, see S. Nonnenmacher, “Anatomy of Quantum Chaotic Eigenstates,” Seminatre
Poincare XIV (2010): 177-220.

3S. Thus, the stadium, being ergodic, is quantum ergodic. But the ghost of the exceptional
“bouncing ball” orbits remains in the “scarring” visible in some eigenstates. That this scar-
ring is genuine is proved by A. Hassell. See Hassell’s introduction to the subject, “What is
Quantum Unique Ergodicity?” Australian Mathematical Society Technical Paper.

36. See H. D. Zeh, “On the Interpretation of Measurement in Quantum Theory,” Founda-
tions of Physics 1 (1970): 69-76.

37. For a lucid discussion of these issues and advocacy of the Bohmian approach, see J. S.
Bell, Speakable and Unspeakable in Quantum Mechanics: Collected Papers (Cambridge: Cam-
bridge University Press, 2004).

289



290

| 10 ZREHFR

38. D. Bohm, “A Suggested Interpretation of the Quantum Theory in Terms of ‘Hidden’
Variables, I and I1,” Physical Review 85 (1952): 166-93.

39. The reason being “decoherence™ the interaction destroys the coherence required for in-
terference effects.

40. H. Everett 111, “ ‘Relative State’ Formulation of Quantum Mechanics,” Review of Mod-
ern Physics 29 (1957): 454-62. For Everett’s recently discovered nachlass, see ]. A. Barrett
and P. Byrne, eds., The Everett Interpretation of Quantum Mechanics: Collected Works 1955-1980
with Commentary (Princeton: Princeton University Press, 2012). Everett’s manuscripts are ar-
chived at the University of California, Irvine Libraries, available online at http:/hdl.handle
.net/10575/1060.

41. For further discussion see J. A. Barrett, The Quantum Mechanics of Minds and Worlds (New
York: Oxford University Press, 1999); S. Saunders, ]. Barrett, A. Kent, and D. Wallace, Many
Worlds: Everett, Quantum Theory and Reality (New York: Oxford University Press, 2012); D.
Wallace, The Emergent Multiverse: Quantum Theory According to the Everett Interpretation (Ox-
ford: Oxford University Press, 2014).

42. Wallace (previous footnote) uses a rational degree-of-belief interpretation; Everett is a
kind of frequentist.

£10i8

1. B. Russell, The Problems of Philosophy, Home University Library (London: Williams and
Norgate, 1912). Available online at Project Gutenberg.

2. L. J. Savage, “Implications of Personal Probability for Induction,” Journal of Philosophy
64 (1967): 593-607.

3. B.de Finetti, “Sur la condition d’équivalence partielle,” Actualités scientifiques et Indus-
trielles 739 (Hermann & Cie, 1938). Translated as “On the Condition of Partial Exchange-
ability,” by P. Benacerraf and R. Jeffrey in Studies in Inductive Logic and Probability II, ed.
R. Jeffrey (Berkeley: University of California Press, 1980): 193-205.

4. D. Hume, An Enquiry Concerning Human Understanding (London: Millar, 1748/1777),
Section 1V, Part [, 21.

5. Hume (1748/1777) 1V, Part 11, 32.

6. For a nice entrée into the literature, with a guide to diverging interpretations, see G.
De Pierris and M. Friedman, “Kant and Hume on Causality,” The Stanford Encyclopedia of
Philosophy, https://plato.stanford.edu/entries/kant-humecausality/.

7. C. D. Broad, The Philosophy of Francis Bacon (Cambridge: Cambridge University Press,
1926), http://www.ditext.com/broad/bacon.html.

8. K. Popper, Logik der Forshung (Vienna: Springer Verlag). Translated as The Logic of Scien-
tific Discovery (London: Hutchinson) and The Logic of Scientific Discovery, 2d. ed. (New York:
Harper, 1934/1959/1968).

9. Popper (1968): 29.

10. Firstand second centuries AD. Most of what we know of him is through the account of
Diogenes Laértius, Lives of the Eminent Philosophers, Book 1X 90, tr. R. D. Hicks, Loeb Classi-
cal Library (Cambridge, MA: Harvard University Press, 1925).

11. See B. Skyrms, “Grades of Inductive Skepticism,” Philosophy of Science 81 (2014): 303
12, from which this chapter is largely drawn.

12. Bernoulli (1713/2005): chapter 4.

13. De Moivre made similar claims in the second and third editions of The Doctrine of Chances.

14. R. Price, Preface to “An Essay Towards Solving a Problem in the Doctrine of Chances,”
Proceedings of the Royal Society of London 53 (1763): 370-76.



T B 291

15. Hume (1749/1777), Section VI, 47.

16. See D. A. Gillies, “Was Bayes a Bayesian?” Historia Mathematica 14 (1987): 325-46, S. L.
Zabell, “The Rule of Succession,” Erkenntnis 31 (1989): 283-321, and S. L. Zabell, “The Contin-
uum of Inductive Methods Revisited,” in The Cosmos of Science, ed. ]. Norton and J. Earman
(Pittsburgh: University of Pittsburgh Press, 1997): 351-8S.

17. S. Stigler, “True Title of Bayes’ Essay,” Statistical Science 28 (2013): 283-88.

18. P. S. Laplace, “Mémoire sur la probabilité des causes par les événemens,” Savants
étranges 6 (1774): 621-56. Tr. by Stephen Stigler as “Memoir on the Probability of the Causes
of Events,” Statistical Science 1 (1986): 359-78.

19. As were Kurt Grelling and Carl Hempel.

20. H. Reichenbach, Experience and Prediction (Chicago: University of Chicago Press, 1938):
352.

21. In fact, he proves something stronger, the Bernstein-von Mises phenomenon. The pos-
terior is asymptotically normal.

22. Laplace (1774/1986).

23. Here we mean the skeptics who succeeded Plato in the Academy, starting with Arcesileas
and Carneades. There is a line of influence through Cicero and to modern times that makes a
fascinating story. As an entry point, we recommend R. Popkin’s History of Skepticism, rev. ed.
(New York: Oxford University Press, 2003).

24. In the weak-star topology. This is defined in terms of convergence of expectations, which
are what we usually care about. A sequence of probability measures, P, , converges weak-star
to P if, for all bounded continuous functions f, the associated expectations converge: E,(f)
—> E(f).

25. This is not to say that these results hold with absolute generality. With an infinite num-
ber of categories, things are more complicated. There are still consistent “ignorance” priors,
but their characterization is not so straightforward or intuitively compelling. See P. Diaconis
and D. Freedman, “On the Consistency of Bayes’ Estimates,” Annals of Statistics 14 (1988):
1-26.

26. ]. L. Doob, “Application of the Theory of Martingales,” Actes du Collogue International
Le Calcul des Probabulités et ses applications (Paris CNRS, 1948): 23-27.

27. Hume (1749/1777), Section VI, 46.

28. De Finetti’s theorem has been proved in considerably more general form. See E. Hewitt
and L. J. Savage, “Symmetric Measures on Cartesian Products,” Transactions of the American
Mathematical Society 80 (1955): 470-501.

29. You may be skeptical about infinite sequences being part of the world, as was de Finetti.
If so, consider finite exchangeable sequences that can be extended to longer sequences that
remain exchangeable. See P. Diaconis and D. Freedman, “Finite Exchangeable Sequences,”
The Annals of Probability 8 (1980): 745-64. On de Finetti’s finitist views of his theorem, see S.
L. Zabell, “De Finetti, Chance and Quantum Physics,” in Bruno de Finetti: Radical Probabilist,
ed. Maria Carla Galavotti (London: College Publications, 2009): 59-83, and D. M. Cifarelli and
E. Regazzini, “De Finetti’s Contribution to Probability and Statistics,” Statistical Science 11
(1996): 2253-82.

30. B. de Finetti, “Sur la condition d’équivalence partielle,” Actualités Scientifiques et Industri-
alles 739 (Hermann & Cie, 1938), tr. Paul Benacerraf and Richard Jeffrey as “On the Condition
of Partial Exchangeability,” in Studies in Inductive Logic and Probability 11, ed. Richard Jeffrey
(Berkeley: University of California Press, 1980): 193-205.

31. See P. Diaconis and D. Freedman, “De Finetti’s Generalizations of Exchangeability,” in
Studies in Inductive Logic and Probability II.

32. As suggested in P. Billingsley, Ergodic Theory and Information (New York: Wiley, 1965).

33. More generally, of the average values of a measurable function.

34. That is, for almost every point in the space—with “almost every” determined by your
probabilities—the limiting relative frequencies exist.



292

| 10 BB R

35. The limiting relative frequency of A is a random variable. Your expectation of this lim-
iting relative frequency is your probability of A. In the special case in which your degrees of
belief are ergodic, you are sure that your probability of A s equal to the limiting relative frequency.
This is Birkhoff’s ergodic theorem.

36. N. Goodman, Fact, Fiction and Forecast (Cambridge, MA: Harvard University Press,
1955).

37. See B. Skyrms, “Bayesian Projectibility,” in Grue! The New Riddle of Induction, ed. D.
Stalker (Chicago: Open Court, 1994). Reprinted in Skyrms, From Zeno to Arbitrage (Oxford:
Oxford University Press, 2012), chapter 13, for a more thorough discussion.

38. A measurable set in one’s probability space.

39. R. Jeffrey, The Logic of Decision (New York: McGraw-Hill, 1965) and “Probable Knowl-
edge” in 1. Lakatos, ed., The Problem of Inductive Logic (Amsterdam: North Holland, 1968).

40. M. Goldstein, “The Prevision of a Prevision,” Journal of the American Statistical Associa-
tion 78 (1983): 817-19.

41. B. van Fraassen, “Belief and the Will” The Journal of Philosophy 81 (1984): 235-56.

42. B. Skyrms, The Dynamics of Rational Deliberation (Cambridge, MA: Harvard University
Press, 1990) and “Diachronic Coherence and Radical Probabilism,” Philosophy of Science 73
(2006): 959-68, reprinted in Skyrms, From Zeno to Arbitrage (New York: Oxford University
Press, 2012).

43. S. L. Zabell, “It All Adds Up: The Dynamic Coherence of Radical Probabilism,” Ph:-
losophy of Science 69 (2002): S98-5103.



	封面
	书名
	版权
	前言
	目录
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20
	21
	22
	23
	24
	25
	26
	27
	28
	29
	30
	31
	32
	33
	34
	35
	36
	37
	38
	39
	40
	41
	42
	43
	44
	45
	46
	47
	48
	49
	50
	51
	52
	53
	54
	55
	56
	57
	58
	59
	60
	61
	62
	63
	64
	65
	66
	67
	68
	69
	70
	71
	72
	73
	74
	75
	76
	77
	78
	79
	80
	81
	82
	83
	84
	85
	86
	87
	88
	89
	90
	91
	92
	93
	94
	95
	96
	97
	98
	99
	100
	101
	102
	103
	104
	105
	106
	107
	108
	109
	110
	111
	112
	113
	114
	115
	116
	117
	118
	119
	120
	121
	122
	123
	124
	125
	126
	127
	128
	129
	130
	131
	132
	133
	134
	135
	136
	137
	138
	139
	140
	141
	142
	143
	144
	145
	146
	147
	148
	149
	150
	151
	152
	153
	154
	155
	156
	157
	158
	159
	160
	161
	162
	163
	164
	165
	166
	167
	168
	169
	170
	171
	172
	173
	174
	175
	176
	177
	178
	179
	180
	181
	182
	183
	184
	185
	186
	187
	188
	189
	190
	191
	192
	193
	194
	195
	196
	197
	198
	199
	200
	201
	202
	203
	204
	205
	206
	207
	208
	209
	210
	211
	212
	213
	214
	215
	216
	217
	218
	219
	220
	221
	222
	223
	224
	225
	226
	227
	228
	229
	230
	231
	232
	233
	234
	235
	236
	237
	238
	239
	240
	241
	242
	243
	244
	245
	246
	247
	248
	249
	250
	251
	252
	253
	254
	255
	256
	257
	258
	259
	260
	261
	262
	263
	264
	265
	266
	267
	268
	269
	270
	271
	272
	273
	274
	275
	276
	277
	278
	279
	280
	281
	282
	283
	284
	285
	286
	287
	288
	289
	290
	291
	292

